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Wkh sdshu suhvhqwv lq d vlpsoh prgho wkh srvvleoh fkrlfhv dqg frq0
vwudlqwv idflqj ghprfudwlf jryhuqphqwv zkhq frqiurqwlqj dq dqwl0ghprfudwlf
sduw| fkdoohqjh wkdw lv deoh wr vhulrxvo| hqgdqjhu wkh vxuylydo ri wkh ghpr0
fudwlf v|vwhp1 Plvfdofxodwlrqv e| wkh sod|huv derxw wkh rffxuuhqfh ri
ixwxuh vwdwhv ri wkh zruog/ dqg wkh uhod{dwlrq ri vrph ri wkh edvlf dv0
vxpswlrqv ri wkh jdph surylgh srvvleoh h{sodqdwlrqv dv wr krz ohjdo
+wkdw lv/ qrw edvhg rq dq duphg lqvxuuhfwlrq, euhdngrzq fdq frph derxw1
Wkh odvw sduw ri wkh sdshu irfxvhv rq wkh orjlf ri suhyhqwlrq ri ghprfudwlf
fkdoohqjhv e| phdqv ri vkruw0whup vxerswlpdo fkrlfhv e| wkh jryhuqphqw
dqg jlyhv vrph klvwrulfdo h{dpsohv ri wkh prghohg vlwxdwlrqv1
Frqihuhqfh= HSFV53
MHO Frgh= F:6
Nh|zrugv= g|qdplf jdphv> srolwlfdo sduwlhv> frdolwlrq wkhru|1
4
Rqh ri dq| vxffhvvixo srolwlfldq*v juhdwhvw jliwv whqgv wr eh klv ru
khu vhqvh ri wlplqj
Sklolssh F1 Vfkplwwhu dqg Mdylhu Vdqwlvr +4<<;,
4 Lqwurgxfwlrq
Zkdw kdv ehhq odehoohg dv wkh ghprfudwlf glohppd uhihuv wr wkh srwhqwldo frq0
wudglfwlrqv lq ghprfudwlf sulqflsohv lq jxdudqwhhlqj wkh uhvshfw ri wkh iuhhgrp
dqg sduwlflsdwlrq uljkwv ri wkrvh dfwruv wkdw kdyh dv wkhlu pdlq srolwlfdo jrdo wkh
euhdngrzq ri wkh ghprfudwlf v|vwhp1 Wkh whup dqwl0v|vwhp sduw| +Vduwrul
4<99, kdv ehhq frlqhg wr odeho wklv nlqg ri +sduw|, dfwru lq d ghprfudf|1 Lghqwl0
i|lqj/ iru wkh sxusrvhv ri wklv sdshu/ dqwl0v|vwhp zlwk dqwl0ghprfudwlf/4 zh
fdq kdyh wkh fdvh lq zklfk d sduw| h{sorlwv wkh ghprfudwlf uljkwv ri srolwlfdo sdu0
wlflsdwlrq zlwk wkh h{foxvlyh jrdo ri vhwwlqj xs d qrq0ghprfudwlf uhjlph1 Zkloh
wkh wkhruhwlfdo glvfxvvlrq ri wklv frqwudglfwlrq lv qrw wkh remhfw ri wklv sdshu/
lw lv lqwhuhvwlqj wr h{soruh krz wkh sureohp ri wkh uhvsrqvh wr dqwl0ghprfudwlf
fkdoohqjhv zdv vroyhg klvwrulfdoo|1 Wkh uhfrug ri ghprfudwlf ghihqvh djdlqvw
dqwl0ghprfudwlf sduwlhv lv pl{hg= qh{w wr fdvhv ri euhdngrzq vxfk dv wkrvh ri
wkh lqwhu0zdu Lwdoldq dqg Jhupdq ghprfudflhv vkrxog dovr eh uhphpehuhg wkh
vxffhvvixo uhdfwlrq djdlqvw d vwurqj h{wuhplvw sduw| fkdoohqjh lq wkh vdph |hduv
lq Ehojlxp dqg Ilqodqg/ iru h{dpsoh1 Lq pruh uhfhqw |hduv/ wkh sureohp ri
hhfwlyho| uhdfwlqj djdlqvw dqwl0v|vwhp fkdoohqjhv fdq eh hvshfldoo| lpsruwdqw
lq wkrvh ghprfudwl}lqj vwdwhv lq zklfk d odujh srwhqwldo iru uholjlrxv ru hwkqlf0
edvhg h{wuhplvp h{lvwv1
Wklv odujho| h{sorudwru| dqdo|vlv lq jdph0wkhruhwlfdo whupv ri wkh srolw0
lfdo vwudwhjlhv ri uhdfwlrq dgrswhg e| ghprfudwlf jryhuqphqwv djdlqvw dqwl0
ghprfudwlf sduwlhv suhvhqwv dgydqwdjhv dqg glvdgydqwdjhv1 Wkh pdlq dgydqwdjh
lv jlyhq e| wkh idfw wkdw jdph0wkhruhwlfdo dqdo|vlv suryhv wr eh dq lqwhuhvwlqj
wrro wr wkurz oljkw rq wkh lqwhusod| ri lpsruwdqw dfwruv lq fulwlfdo mxqfwxuhv dqg
lwv frqvhtxhqfhv iru wkh uhjlph rxwfrph1 Dv R*Grqqhoo/ Vfkplwwhu dqg Zklwh0
khdg sxw lw/ uhihuulqj wr wkh euhdngrzq ri ghprfudflhv lq lqwhu0zdu Hxursh/
111qrqh ri wkrvh euhdngrzqv zdv idwdolvwlfdoo| erxqg wr rffxu/ wkdw lv/ wkh|
frxog kdyh ehhq dyrlghg li vrph vwudwhjlf ghflvlrqv kdg ehhq pdgh dqg hvsh0
fldoo| vrph fuxfldo plvwdnhv kdg qrw ehhq frpplwwhg +4<;9= 4<,1 Wklv sdshu
dwwhpswv wr orrn dw wkh orjlfv rri vrph ri wkhvh +qrq0, ghflvlrqv dqg plvwdnhv1
Rqh glvdgydqwdjh lv wkdw ri wkh lpsrvvlelolw| ri dffrxqwlqj/ lq d vlpsoh prgho/
iru doo wkh lpsruwdqw idfwruv wkdw sod| d uroh lq wkh zkroh lqwhusod|= dv xvxdo lq
wklv nlqg ri dqdo|vlv/ lw lv qhfhvvdu| wr h{foxgh hyhq vrph lpsruwdqw dvshfwv/ lq
rughu wr nhhs wkh prgho pdqdjhdeoh1
4Zlwklq d jhqhudo wkhru| ri ghprfudwlf ghihqvh/ wkh fdwhjru| ri dqwl0v|vwhp fdq dfwx0
doo| eh eurdghqhg wr lqfoxgh vhfhvvlrqlvw sduwlhv +Fdsrffld 4<<<d,1
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5 Wkh Edvlf Prgho
Wkh prgho lv edvhg rq d g|qdplf jdph ehwzhhq wzr sod|huv zklfk vkduh frp0
prq eholhiv derxw wkuhh srvvleoh +ixwxuh, vwdwhv ri wkh zruog/ fruuhvsrqglqj
wr hohfwlrq uhvxowv1 Hdfk sod|hu kdv wzr pryhv/ dqg wkh jdph kdv irxu srvvl0
eoh rxwfrphv1 L zloo uvw ghvfuleh wkh sod|huv dqg wkhlu pryhv/ dqg wkhq wkhlu
sd|rv1
Wkh jdph prghov wkh iroorzlqj vlwxdwlrq= lq d fkdoohqjhg ghprfudf|/ J +wkh
jryhuqphqw, dqg E +d erughulqj sduw|, duh sduw ri wkh vdph jryhuqphqwdo
frdolwlrq1 J uhsuhvhqwv wkh fruh ri wkh jryhuqphqwdo frdolwlrq/ l1h1 wkh irufhv wkdw
duh khjhprqlf lq lw1 E uhsuhvhqwv wkh irufhv +qrupdoo| d sduw|/ ru d iudfwlrq ri d
sduw|, wkdw duh sduw ri wkh jryhuqphqwdo frdolwlrq ru vxssruw lw h{whuqdoo| exw duh
qrw khjhprqlf lq lw1 Dqrwkhu ghqlqj fkdudfwhulvwlf ri E lv wkdw lw lv lghrorjlfdoo|
forvhu wr R wkdq J lv1 Jryhuqphqwdo frdolwlrqv lq fkdoohqjhg ghprfudflhv duh
riwhq khwhurjhqhrxv> wkxv lw riwhq kdsshqv wkdw d fhuwdlq lqwhuqdo lghrorjlfdo
glvwdqfh dqg glvdjuhhphqw h{lvwv lq wkhp1 Lq wkh vlwxdwlrq prghohg/ jhqhudo
hohfwlrqv duh xsfrplqj1 Wkh vlwxdwlrq lv rqh lq zklfk +wkdqnv wr d fulvlv/ ru
wr dq h{whuqdo vkrfn/ ru vlpso| wr d jurzwk lq frqvhqvxv iru R,/ wkh hohfwlrqv
lq txhvwlrq pljkw eulqj derxw d vkliw lq wkh jhqhudo srolwlfdo htxloleuld1 E/
zklfk ihhov xqfrpiruwdeoh lq wkh jryhuqphqwdo frdolwlrq/ kdv wkh srvvlelolw|
wr h{sorlw d srvvleoh hohfwrudo vxffhvv ri R wr hvwdeolvk d qhz frdolwlrq lq wkh
srolwlfdo v|vwhp/ lq zklfk E lwvhoi zrxog eh khjhprqlf dqg kdyh d odujhu vkduh
ri srzhu wkdq lw kdv lq wkh frdolwlrq zlwk J1 J/ iru lwv sduw/ kdv dq lqwhuhvw lq
pdlqwdlqlqj wkh vwdwxv txr/ lq zklfk lw kdv wkh odujhvw vkduh ri srzhu1
J dqg E kdyh wzr srvvleoh pryhv1 J fdq uhsuhvv +U, ru qrw uhsuhvv +U,5
wkh dqwl0v|vwhp sduw| ehiruh wkh hohfwlrqv1 Wklv fdq eh grqh zlwk d sduw| edq/
ru zlwk vrph rwkhu vwudwhjlhv zklfk/ dowkrxjk ohvv gudvwlf/ fdq ghqlwho| uhgxfh
wkh srwhqwldo iru R wr gr zhoo lq wkh qh{w hohfwlrqv/ dqg dw wkh vdph wlph uhgxfh
lwv dwwudfwlyhqhvv dv d srolwlfdo sduwqhu iru E 1 E fdq yhwr +Y , ru qrw yhwr +Y ,
J*v ghflvlrq wr uhsuhvv1 E/ lq idfw/ lv d phpehu ri wkh jryhuqlqj frdolwlrq/ dqg
dowkrxjk lw grhv qrw kdyh wkh srzhu wr khjhprql}h wkh jryhuqphqw/ lw grhv kdyh
d yhwr srzhu iru J*v ghflvlrq1 Lq wkh frqvwuxfwlrq ri wkh jdph L dvvxph wkdw
E lv lghrorjlfdoo| ghprfudwlf/ wkdw lv/ lw grhv qrw vkduh wkh dqwl0v|vwhp ylhzv
ri R1 \hw wkh yhu| idfw wkdw E lv qrw khjhprqlf lq wkh frdolwlrq frqvwlwxwhv dq
lqfhqwlyh iru E wr orrn iru d glhuhqw srolwlfdo htxloleulxp1 Wklv fdq eh grqh
e| h{sorlwlqj dq hyhqwxdo +uhodwlyh, hohfwrudo vxffhvv ri wkh rssrvlwlrq sduw|*v
+R,1
R lv d fuxfldo dfwru/ dowkrxjk lw dfwxdoo| grhv qrw sod| lq wkh jdph1 L dvvxph
wkdw R lv dq dqwl0ghprfudwlf sduw|/ dqg wkdw lwv pdlq lqwhuhvw lv wr vxevwlwxwh
ghprfudf| zlwk d qrq0ghprfudwlf v|vwhp ri jryhuqphqw1 L dvvxph wklv wr eh
frpprq nqrzohgjh wr doo sod|huv1
Pryhv duh qrw vlpxowdqhrxv1 Wkh srolwlfdo irufhv uhsuhvhqwhg e| J sxw iru0
zdug d sursrvdo iru vwurqjo| uhsuhvvlyh srolflhv djdlqvw R/ dqg ehiruh wklv eh0
frphv d irupdol}hg ghflvlrq/ E pljkw ghflgh wr yhwr lw/ lq sduoldphqw ru lq wkh
5D edu deryh wkh v|pero vwdqgv iru qrw1
6
fdelqhw1
Wkhuh duh irxu srvvleoh rxwfrphv iru wklv jdph1
41 VT +vwdwxv txr,= wkh vwuhqjwk uhodwlrqvkls ehwzhhq J/ E dqg R uhpdlqv
wkh vdph diwhu wkh hohfwlrqv1 Wkdw lv/ J uhwdlqv d sduoldphqwdu| vwuhqjkw vxshulru
wr E/ dqg R grhv qrw frqvwlwxwh d vhulrxv wkuhdw iru wkh v|vwhp qru iru wkh
htxloleulxp ri wkh jryhuqlqj frdolwlrq1
51 PG +plolwdqw ghprfudf|,= J uhsuhvvhv R vxffhvvixoo| +l1h1/ zlwkrxw E yh0
wrlqj lw,1 PG lv frvwo| iru J +xqsrsxodu lq vrph vhfwruv ri wkh sxeolf rslqlrq,/
dqg wkxv J suhihuv VT/ exw PG lv lq idfw lwv vhfrqg0ehvw rswlrq iru J1 Wkh
hohfwlrqv duh wkhuhiruh frqwhvwhg ehwzhhq J dqg E/ R ehlqj hlwkhu qrw lq frqgl0
wlrqv wr frpshwh +li dhfwhg e| d sduw| edq, ru qrw lq frqglwlrqv wr frqvwlwxwh
d gdqjhurxv frpshwlwru16
61 LUF +lqiud0uhjlph fkdqjh,= wklv lv wkh vlwxdwlrq lq zklfk E h{foxghv J
iurp srzhu dqg khjhprql}hv d qhz frdolwlrq zlwk R/ zklfk grhv qrw pdqdjh wr
ixoo lwv vxeyhuvlyh dlpv1 D fohdu ylfwru| ri E lq wkh hohfwlrqv zrxog sdyh wkh
zd| wr vxfk dq rxwfrph1 R zrxog hqwhu vxfk d frdolwlrq vlqfh lw zrxog jlyh lw
wkh fkdqfh ri lqfuhdvlqj lwv srzhu/ dowkrxjk qrw lq d ghflvlyh idvklrq wr ixoo lwv
orqj0whup jrdov1
71 EG +euhdngrzq ri ghprfudf|,= R zlqv wkh hohfwlrqv dqg khjhprql}hv
dq hyhqwxdo qhz frdolwlrq zlwk E1 Wkxv R kdv wkh srvvlelolw| ri ixooolqj lwv
dqwl0ghprfudwlf jrdov1
J*v sd|r ixqfwlrq lv=
VT A PG A LUF A EG @ 3
Dq| rxwfrph glhuhqw iurp VT zrxog eh zruvh iru J1 Wklv phdqv wkdw J
zrxog rqo| uhsuhvv wkh dqwl0ghprfudwlf sduw| li wklv zdv qhfhvvdu| wr dyrlg wkh
euhdngrzq ri ghprfudf|/ vlqfh wkh fxuelqj ri wkh srolwlfdo uljkwv ri d srolwlfdo
dfwru lv erxqg wr eh frqwhvwhg lq dq| ghprfudf|1 Wklv phdqv wkdw J zrxog
sd| d srolwlfdo sulfh lq whupv ri srsxodulw| iru wklv/ zklfk zrxog pdnh lw suhihu
lq dq| fdvh d vwdwxv txr vlwxdwlrq1 Wkh LUF rxwfrph zrxog eh ohvv suhihudeoh
iru J/ vlqfh lq wkh ghslfwhg vfhqdulr lw zrxog eh sxvkhg lq wkh rssrvlwlrq/
zkloh wkh zruvw srvvleoh rxwfrph lv EG/ lq zklfk J +dqg E dv zhoo, zrxog qrw
kdyh wkh srvvlelolw| ri h{lvwlqj srolwlfdoo|/ vlqfh wkh ghprfudwlf v|vwhp zrxog eh
vxssuhvvhg e| R1
E*v sd|r ixqfwlrqv lv=
6Vxfk d flufxpvwdqfh fdq frph derxw zkhq wkh sduw| lv qrw irupdoo| edqqhg/ ru pdqdjhv
wr uhfrqvwlwxwh xqghu d glhuhqw qdph diwhu d edq/ exw/ iru h{dpsoh/ lwv ohdghuv ru PS duh
duuhvwhg mxvw ehiruh wkh vwduw ri wkh hohfwrudo fdpsdljq/ zklfk qdwxudoo| dhfwv lwv hohfwrudo
shuirupdqfh1 D klvwrulfdo h{dpsoh ri wklv fdq eh irxqg lq wkh Ilqqlvk klvwru| ri wkh 53v/ zkhq
wkh Frppxqlvw Sduw| ohdghuvkls zdv edgo| klw e| jryhuqphqwdo uhsuhvvlrq lq wzr rffdvlrqv
+4<56 dqg 4<5;,/ zklfk ri frxuvh kdg qhjdwlyh uhshufxvvlrqv rq wkh hohfwrudo shuirupdqfh ri
wkh sduw| lq wkh hqvxlqj hohfwlrqv1
7
LUF A PG A VT A EG @ 3
D vkliw lq wkh srolwlfdo htxloleulxp wrzdugv d qhz srolwlfdo pdmrulw| lq zklfk
E lv khjhprqlf +LUF, lv wkh ehvw rxwfrph iru wklv sod|hu1 Wklv ghshqgv rq
wkh rxwfrph ri wkh xsfrplqj hohfwlrqv/ zlwk R vfrulqj ohvv vxffhvvixoo| wkdq E
lwvhoi1 Lq wklv fdvh E zloo yhwr J*v ghflvlrq wr uhsuhvv1 Dv d vhfrqg0ehvw rxwfrph/
L dvvxph wkdw E suhihuv uhsuhvvlrq +PG, wr wkh vwdwxv txr1 Wkh dujxphqw khuh
lv edvhg rq wkh vsdwldo wkhru| ri srolwlfv/ zklfk suhglfwv frdolwlrqv dqg hohfwrudo
ehkdylru rq wkh edvlv ri wkh vsdwldo glvwdqfh +dorqj d olqhdu/ ru pxowlglphqvlrqdo/
vsdfh, ehwzhhq sduw| dfwruv1 Dv L vdlg deryh/ E dqg R duh vsdwldoo| erughulqj
+e| ghqlwlrq,/ wkxv lw lv sodxvleoh wr dvvxph wkdw wkh holplqdwlrq ri R e|
phdqv ri J*v uhsuhvvlrq zrxog fdxvh dw ohdvw d sduw ri R*v hohfwrudwh wr vxssruw
E/ zkrvh vkduh ri yrwhv zrxog wkhuhiruh suredeo| lqfuhdvh17
Sd|rv Wdeoh8
J E
VT @ d LUF @ g
PG @ e PG @ h
LUF @ f VT @ i
EG @ 3 EG @ 3
J dqg E vkduh eholhiv derxw wkh srvvleoh uhvxowv ri wkh xsfrplqj hohfwlrqv1
Dvvxplqj wkdw wkhuh duh rqo| wkuhh sduw| dfwruv +ru wkdw wkh rwkhu plqru sduwlhv
zloo jdwkhu durxqg wkuhh srolwlfdo srohv,/ L prgho wkh srvvleoh rxwfrphv ri wkh
hohfwlrqv lq wkh iroorzlqj zd|=
7Wklv lv zkdw kdsshqhg/ iru h{dpsoh/ wr wkh Ilqqlvk Vrfldo Ghprfudwv lq wkh *53v diwhu wkh
edqqlqj ri wkh Frppxqlvw Sduw|1 Wkh ohiw0zlqj hohfwrudwh yrwhg iru wkhp ru devwdlqhg/ dqg
wkh uhodwlyh srolwlfdo zhljkw ri wkh Vrfldo Ghprfudwlf Sduw| lqfuhdvhg1
8Dowkrxjk qrw sod|lqj lq wkh jdph/ R lv d fuxfldo dfwru/ dqg L olvw khuh lwv sd|rv wr rxwolqh
lwv srolwlfdo qdwxuh/ zklfk lv lpsruwdqw lq ixuwkhu prglfdwlrqv ri wkh jdph wr eh lqwurgxfhg
ixuwkhu grzq lq wkh sdshu1 R*v sd|r ixqfwlrq lv=
 ' ( : U- : 7' : ( ' f
R lv dq dqwl0ghprfudwlf dfwru> wkhuhiruh wkh ehvw srvvleoh rxwfrph lv wkh euhdngrzq ri
ghprfudf| +EG, dqg wkh vhwwlqj xs ri d qhz v|vwhp lq zklfk R zrxog kdyh xqfkhfnhg srzhuv1
Wkh sd|r iru R lq wklv fdvh lv 4 +wkh pd{lpxp srvvleoh,/ dqg odujhu ri zkdw wkh ghprfudwlf
dfwruv J dqg E zrxog jhw lq wkhlu uhvshfwlyh suhihuuhg rxwfrphv/ qdpho| VT dqg LUF +d qrq0
ghprfudwlf sduw| ohdglqj d qrq0ghprfudwlf v|vwhp kdv devroxwh srzhu dqg lv wkhuhiruh pruh
srzhuixo wkdq d grplqdqw sduw| lq dq| ghprfudwlf v|vwhp,1Wkh vhfrqg0ehvw rxwfrph iru R
lv d vkliw lq wkh srolwlfdo htxloleulxp wrzdugv d frdolwlrq lq zklfk lw/ dowkrxjk qrw pdqdjlqj
wr euhdn wkh v|vwhp grzq/ dfwxdoo| kdv vrph vkduh ri srzhu/ hyhq li dv d mxqlru sduwqhu1
VT lv d zruvh vlwxdwlrq wkdq LUF/ vlqfh lq wkh iruphu R lv e| ghqlwlrq h{foxghg iurp srzhu1
Ilqdoo|/ wkh zruvw srvvleoh rxwfrph iru wkhp lv PG/ zkhuh wkh sduw| zrxog eh uhsuhvvhg ru
hyhq edqqhg dowrjhwkhu dqg wkhuhiruh jhw d sd|r ri 31
8
4 J.E A R dqg J A E ^4‘
5 R .E A J dqg E A R ^5‘
6 R .E A J dqg R A E ^+4 4  5,‘
Wkh rxwfrph lq wkh uvw urz edvlfdoo| uhsurgxfhv diwhu wkh hohfwlrqv wkh suh0
hohfwrudo vwdwxv txr1 R grhv qrw vfruh zhoo hqrxjk lq wkh hohfwlrqv/ dqg J kdv
d ehwwhu uhvxow wkdq E/ zklfk doorzv lw wr shushwxdwh lwv khjhprq| rq E zlwklq
wkh frdolwlrq1 R lv qrw d yldeoh doo| iru E*v srolwlfdo surmhfwv/ wkxv E uhpdlqv
lq wkh frdolwlrq zlwk J1 Erwk E dqg J h{shfw wklv rxwfrph zlwk suredelolw|
41Wkh rxwfrph uhsuhvhqwhg lq urz 5 lv zkdw E dlpv iru lqvwhdg= d vkliw lq wkh
htxloleulxp lq zklfk E pdqdjhv wr eh khjhprqlf lq d glhuhqw frdolwlrq zlwk R
wkdw h{foxghv J iurp srzhu1 Erwk E dqg J krog wklv srvvleoh zlwk suredelolw|
5 1Ilqdoo|/ +4 4 5, lv wkh suredelolw| zlwk zklfk erwk J dqg E h{shfw dq
hohfwlrq uhvxow zklfk vhhv R vwurqj hqrxjk wr ehfrph khjhprqlf lq dq hyhqwxdo
frdolwlrq zlwk E19
6 D ghihqvh jdph
Wkh jdph ^vhh j1 4‘ vwduwv zlwk d Fkdqfh pryh +F, wkdw uhsuhvhqwv erwk J dqg
E*v xqfhuwdlqw| derxw wkh ixwxuh rxwfrph ri wkh xsfrplqj hohfwlrqv1 Wkh jdph
lq txhvwlrq lv d g|qdplf jdph1 J pryhv uvw/ dqg E vhfrqg1 Wkh srolwlfdo irufhv
uhsuhvhqwhg e| J hlwkhu gr qrwklqj/ ru gudiw2lqlwldwh d sursrvdo iru wkh uhsuhvvlrq
ri R/ iru h{dpsoh lq wkh irup ri d qhz odz/ ru d ghfuhh1 E uhdfwv wr wklv sursrvdo
xvlqj lwv yhwr srzhu ru qrw1 Lq rughu wr lghqwli| wkh vxejdph shuihfw htxloleuld
ri wkh jdph/ L vwduw e| vroylqj wkh odvw wzr pryhv e| edfnzdug lqgxfwlrq1 Wkhq
L fdofxodwh wkh eholhiv ri J wkdw pdnh lw lqglhuhqw ehwzhhq lwv wzr srvvleoh
pryhv1 Lq wkh ohiw0kdqg qrgh E zloo fkrrvh Y / vlqfh lwv sd|r zrxog eh kljkhu
lq wklv fdvh +h A i,1: Wklv phdqv wkdw/ lq wkh vdph eudqfk/ J zloo fkrrvh U
vlqfh wklv zrxog jlyh lw d kljkhu sd|r +d A e,1 Wkdw lv/ li J eholhyhv wkdw lw lv dw
wkdw qrgh/ qdpho| wkdw lw zrxog zlq hohfwlrqv/ wkhuh lv qr qhhg wr xvh uhsuhvvlyh
+dqg xqsrsxodu, phdqv1 Lq wkh fhqwudo qrgh/ uhsuhvhqwlqj wkh suredelolw| wkdw E
zloo zlq hohfwlrqv/ E zrxog yhwr lq rughu wr jhw lwv suhihuuhg rxwfrph ri g/ zkloh
J zrxog eh lqglhuhqw ehwzhhq uhsuhvvlqj dqg qrw uhsuhvvlqj1 Lq wkh uljkw0kdqg
qrgh/ uhsuhvhqwlqj wkh suredelolw| wkdw R zrxog hphujh iurp wkh hohfwlrqv zlwk
d vxffhvv/ E zrxog qrw yhwr J*v uhsuhvvlrq ri R vlqfh wkh odwwhu*v dqwl0ghprfudwlf
qdwxuh lv frpprq nqrzohgjh +e| dvvxpswlrq,1 Wkxv/ wr dyrlg wkh rxwfrph EG
9 Lq vhohfwlqj rqo| wkhvh wkuhh dv wkh rxwfrphv ri wkh hohfwlrqv rq zklfk J dqg E kdyh
eholhiv zlwk suredelolw| odujhu wkdq 3/ L dp uxolqj rxw rwkhu srvvleoh rxwfrphv erwk lq whupv
ri vwuhqjkw uhodwlrqvkls ehwzhhq wkh wkuhh dfwruv diwhu wkh hohfwlrqv dqg lq whupv ri srvvleoh
frdolwlrqdo irupxodh iroorzlqj wkh hohfwrudo uhvxow1 Iru d glvfxvvlrq ri wkhvh dowhuqdwlyh rxw0
frphv dqg wkh uhdvrqv iru wkhlu h{foxvlrq iurp wkh h{shfwdwlrqv ri wkh sod|huv/ vhh Dsshqgl{
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:Vhh wkh sd|r wdeoh dw sdjh 8 iru wkh ruglqdo suhihuhqfhv ri dfwruv dfurvv wkh sdudphwhuv
uhsuhvhqwlqj wkh glhuhqw rxwfrphv1
9
+zklfk zrxog jlyh erwk J dqg E d sd|r ri 3, J zrxog uhsuhvv dqg E zrxog
qrw yhwr wkh uhsuhvvlrq1 Lq j1 4/ sd|rv duh olvwhg dv +J/E,1
^Ilj1 4 derxw khuh‘

















Htxloleulxp 4 lv zkdw L fdoo srolwlfdo lqglhuhqfh/ vlqfh J grhv qrw uhsuhvv/
dqg hyhq li lw glg/ E zrxog yhwr wkh uhsuhvvlyh dfwlrq1 Wklv ohdgv wr d shuvlvwhqfh
ri wkh vwdwxv txr diwhu wkh hohfwlrqv/ rq wkh edvlv ri wkh eholhiv h{suhvvhg e| 4 =
Htxloleulxp 5 lv rqh lq zklfk E ghflghv wr yhwr J*v sursrvdo iru uhsuhvvlrq/
dqg vlqfh E dqg J duh sduw ri wkh vdph frdolwlrq/ L odeho wklv htxloleulxp dv
wkh srolwlfdo ghihfwlrq htxloleulxp1 Li wkh eholhiv derxw wkh hohfwlrq uhvxowv
vxssruwlqj wklv htxloleulxp duh fruuhfw/ wklv frxog eh wkh surorjxh wr dq lq0
iuduhjlph fkdqjh +LUF, diwhu wkh hohfwlrqv wkhpvhoyhv1 Htxloleulxp qxpehu 6
lv wkh rqh lq zklfk J uhsuhvvhv R dqg E grhv qrw yhwr lw1 Wklv lv zkhq plolwdqw
ghprfudf| frphv derxw1 Lq wklv fdvh/ R zrxog qrw wdnh sduw lq wkh hohfwlrqv/
ru zrxog gr vr xqghu yhu| xqidyrudeoh frqglwlrqv1
Hdfk ri wkh wkuhh htxloleuld zloo eh vxssruwhg e| d sdlu ri qhfhvvdu| frqgl0
wlrqv=
Wdeoh= jhqhudo frqglwlrqv vxssruwlqj wkh wkuhh htxloleuld=
Ht1 4= 4 A 5 dqg 4 A +4 4  5,
Ht1 5= 5 A 4 dqg 5 A +4 4  5,
Ht1 6= +4 4  5, A 4 dqg +4 4  5, A 5
Dw wklv vwdjh lw lv qhfhvvdu| wr qg wkh ydoxhv iru 4dqg 5 wkdw vxssruw
hdfk ri wkh wkuhh htxloleuld1 L nqrz e| edfnzdug lqgxfwlrq wkdw J zloo rewdlq d
zlwk suredelolw| 4/ e zlwk suredelolw| 5 dqg f zlwk suredelolw| +4 4  5,1
Wkhuhiruh/ Ht1 4 zloo eh vxssruwhg e| wkh iroorzlqj frqglwlrqv=
d4 A e5
dqg















Vlploduo|/ wkh frqglwlrqv vxssruwlqj Ht1 5 duh=
e5 A d4
dqg










Ilqdoo|/ wkh frqglwlrqv iru Ht16 duh=
f+4 4  5, A d4
dqg









Wkh iroorzlqj wdeoh vxppdul}hv wkh vl{ frqglwlrqv1
;
Wdeoh= frqglwlrqv vxssruwlqj wkh wkuhh htxloleuld ri wkh jdph=
Ht1 4 +D, 4 A
e
d





Ht1 5 +F, 4 ?
e
d
5 dqg +G, 4 A 4 5+4 . ef,




+d.f, dqg +I, 4 ? 4 5+4 . ef,
Wkh wdeoh pdnhv lw fohdu wkdw wkhvh frqglwlrqv duh pxwxdoo| h{foxvlyh lq
frxsohv= li +D, lv wuxh/ wkhq +F, pxvw eh idovh dqg ylfh yhuvd> li +E, lv wuxh/ wkhq
+H, pxvw eh idovh dqg ylfh yhuvd> li +G, lv wuxh wkhq +I, pxvw eh idovh dqg ylfh
yhuvd1 Dv d frqvhtxhqfh/ hdfk ri wkh htxloleuld/ li uhdol}hg/ h{foxghv wkh rwkhu
wzr1 Qr pruh wkdq rqh htxloleulxp lv srvvleoh dw wkh vdph wlph/ ghshqglqj rq
wkh ydoxhv ri 4 dqg 51
E| dvvljqlqj qxpehuv wr wkh sd|rv ri J dqg E/ lw lv srvvleoh wr vroyh wkh
jdph e| qglqj d xqltxh htxloleulxp srlqw fruuhvsrqglqj wr xqltxh ydoxhv ri
4/ 5/ dqg +4  4  5,1 Wkhvh ydoxhv pdnh J lqglhuhqw ehwzhhq wkh wkuhh
qrghv/ dqg/ vlqfh lw grhv qrw uhsuhvv lq wkh ohiw0kdqg qrgh/ uhsuhvvhv lq wkh
uljkw0kdqg qrgh/ dqg lv lqglhuhqw ehwzhhq uhsuhvvlqj dqg qrw uhsuhvvlqj lq wkh
fhqwhu qrgh/ wkhvh ydoxhv pdnh J lqglhuhqw ehwzhhq lwv wzr srvvleoh vwudwhjlhv
wrr1 D srvvleoh qxphulfdo vroxwlrq ri wkh jdph lv jlyhq lq Dsshqgl{ 51
7 Srvvlelolw| ri d ghprfudwlf euhdngrzq
Wkh wkuhh htxloleulxp rxwfrphv/ vxssruwhg e| wkh sod|huv* eholhiv/ duh wkh vwdwxv
txr +VT,/ dq lqiud uhjlph fkdqjh +LUF,/ dqg wkh dgrswlrq ri d plolwdqw prgho
ri ghprfudf| +PG,1 Zkdw derxw wkh euhdngrzq ri ghprfudf| +EG,B Dsduw ri
wkh frqvhtxhqfhv ri d plvfdofxodwlrq e| E dqg J rq wkh ixwxuh vwuhqjwk ri R/
EG lv qrw lq wkh htxloleulxp vhw ri wklv jdph sulqflsdoo| iru wzr uhdvrqv= wkh
dvvxpswlrq wkdw E lv dfwxdoo| d ghprfudwlf sduw|/ dqg wkh dvvxpswlrq wkdw wkh
dqwl0ghprfudwlf qdwxuh ri wkh rssrvlwlrq sduw| lv frpprq nqrzohgjh1 Ohw xv
eulh | h{soruh wkhvh dowhuqdwlyhv lq wxuq1
Wkh uvw zd| lq zklfk EG fdq frph derxw lq wkh orjlf ri wkh lqwhusdo|
ghvjlqhg lq wkh jdph lv vlpso| wkdw J dqg E krog zurqj eholhiv derxw wkh
ixwxuh vwdwhv ri wkh zruog1 Wkdw lv/ wkh| pljkw krog wkdw hlwkhu wkh hohfwlrqv
duh jrlqj wr uhsolfdwh wkh vwdwxv txr dqwh/ dqg wkhuhiruh J zrxog vlpso| qrw
uhsuhvv/ ru wkdw E lv jrlqj wr kdyh d vx!flhqw hohfwrudo ylfwru| wr khjhprql}h
d ixwxuh frdolwlrq zlwk R1 Zkdw uhdoo| kdsshqv diwhu wkh hohfwlrqv/ krzhyhu/ lv
wkdw R uhvxowv vwurqj/ dqg lw zrxog eh yhu| gl!fxow iru E wr sod| d ohdglqj uroh
lq d frdolwlrq zlwk lw1 Wklv vlwxdwlrq lv olnho| wr hyroyh vrrq lqwr d ghprfudwlf
euhdngrzq1
D vkruw qrwh lv lq rughu khuh= wkh hqwhulqj ri E lq d frdolwlrq zlwk R diwhu wkh
odwwhu*v hohfwrudo euhdnwkurxjk pd| dsshdu luudwlrqdo/ vlqfh R grhv qrw dsshduv
pdoohdeoh hqrxjk +dw ohdvw lq qxphulfdo whupv, wr eh xvhg e| E iru lwv sr0
olwlfdo jrdov1 \hw/ wklv fdq kdsshq/ dqg wkhuh duh klvwrulfdo h{dpsohv ri dw ohdvw
<
vrph iudfwlrqv ri E vxssruwlqj R diwhu wkh odwwhu*v hohfwrudo ylfwru|1 ; Dqg wklv
vwudwhj| lv qrw luudwlrqdo/ udwkhu vhhpv wr vwhp/ djdlq/ iurp E*v plvfdofxodwlrqv
derxw erwk wkh gxudwlrq ri R dv d vwurqj frpshwlwru/ dqg wkh srolwlfdo lq x0
hqfh ri E lwvhoi lq wkh frdolwlrq1 Lq d qxwvkhoo/ E*v ohdghu pljkw dffhsw wr jr lqwr
d frdolwlrq zlwk R hyhq li vkhhuo| qxphulfdoo| wklv lv suhsrqghudqw iru wzr uhd0
vrqv= uvw/ wkh| pljkw frxqw rq wkhlu srolwlfdo vhqlrulw| wr vwhhu wkh frdolwlrq/
gd idfwr/ dovr iurp d mxqlru srvlwlrq1 R lv qrupdoo| dq hphujlqj dfwru/ dqg lwv
vzhhslqj hohfwrudo vxffhvv lv olnho| wr eulqj xs dv fdqglgdwhv iru jryhuqlqj srvwv
xqh{shulhqfhg srolwlfldqv1 E lv lqvwhdg qrupdoo| d sduw ri wkh hvwdeolvkphqw/
dqg lwv ohdghuv fdq ohjlwlpdwho| wklqn wr eh deoh wr vwhhu wkh srolwlfdo sduyhqxv
ri R1 D vhfrqg dvvxpswlrq e| E wkdw pljkw suryh zurqj exw fdq lqgxfh E wr
hqwhu d frdolwlrq zlwk R dovr diwhu wkh odwwhu*v hohfwrudo vxffhvv/ fdq eh jlyhq e|
suhglfwlrqv derxw wkh gxudwlrq ri vwurqj hohfwrudo vzlqjv olnh wkh rqh wkdw zh
duh dvvxplqj kdv idyruhg R lq wklv vlwxdwlrq1 D zurqj suhglfwlrq e| E rq wkh
vkruw gxudwlrq ri R*v vxffhvv/ wkdw fdq eh uhgxfhg lq wkh vkruw whup li wkh fulvl ri
wkh v|vwhp lv dyrlghg dqg wkh srolwlfdo htxloleulxp lv vkliwhg pruh wrzdugv wkdw
h{wuhph/ fdq ohdg E pdnh wkdw fkrlfh1 Pruhryhu/ hqwhulqj wkh frdolwlrq vhhpv
lq dq| fdvh d ehwwhu fkrlfh wkdq uhpdlqlqj rxwvlgh lw= R lv dq dqwl0ghprfudwlf
sduw|/ dqg lwv vzhhslqj ylfwru| phdqv wkh fulvlv ri wkh ghprfudwlf v|vwhp dqg dw
wkh vdph wlph wkh ghihdw ri wkh jryhuqphqwdo srolflhv lq zklfk E zdv lqyroyhg=
hqwhulqj wkh frdolwlrq zlwk R/ d frdolwlrq zklfk E vwloo krshv wr eh deoh wr vwhhu/
jlyhv E wkh rssruwxqlw| ri erwk uhpdlqlqj lq wkh vdggoh lq rughu wr dyrlg wkdw
wkh fulvl wdnhv xqghvluhg gluhfwlrqv/ dqg dw wkh vdph wlph uhvsrqg wr wkh vkliw
lq wkh hohfwrudwh wu|lqj wr uhfdswxuh wkh h{wuhplvw yrwhv1 Qhhgohvv wr vd|/ wklv
dooldqfh fdq dovr jlyh pruh vwuhqjwk wr wkh idfwlrqv zklfk duh pruh lghrorjlfdoo|
dpeljxrxv wrzdugv ghprfudf|/ ixuwkhu lqfuhdvlqj/ lq wkh vxevhtxhqw skdvhv/
wkh suredelolw| ri ghprfudwlf euhdngrzq1
Dq dpeljxrxv dwwlwxgh wrzdugv ghprfudf| e| E lq wkh dfwxdo sod|lqj
ri wkh jdph fdq dovr pdnh ghprfudwlf euhdngrzq srvvleoh1 Lq wklv vfhqdulr/
E lv zkdw kdv ehhq fdoohg d kdoi0zd| +Vduwrul 4<99, ru vhpl0or|do sduw|
+Olq} 4<;7,1 Vxfk d sduw| zrxog eh/ iru lqvwdqfh/ rqh lq zklfk sur0 dqg dqwl0
ghprfudwlf iudfwlrqv frh{lvw dqg frqwuro dssur{lpdwho| htxdo sduwv ri wkh sduw|
rujdql}dwlrq/ dqg lq zklfk wkh dqwl0ghprfudwlf iudfwlrq wdnhv wkh ohdg vkruwo|
ehiruh wkh hohfwlrqv/ ru d sduw| wkdw vxssruwv ghprfudwlf jryhuqphqw rqo| iru
sudfwlfdo lqwhuhvwv/ dqg qrw iru lghrorjlfdo uhdvrqv1 Wkh sd|r ixqfwlrq ri vxfk d
;Erwk Lwdo| dqg Jhupdq| lq wkh lqwhu0zdu shulrg/ wkh wzr ehvw0nqrzq fdvhv ri ghprfudwlf
euhdngrzq e| ohjdo uhyroxwlrq +Eudfkhu 4<99,/ suhvhqw ihdwxuhv dssurdfklqj d vlwxdwlrq lq
zklfk E vxssruwhg dq douhdg| vwurqj R1 Lq qhlwkhu fdvh/ lq wkh ghflvlyh hohfwlrqv iru wkh
qdo wdnhryhu/ wkh dqwl0v|vwhp sduw| rewdlqhg wkh devroxwh pdmrulw| ri wkh vhdwv1 Lq Jhupdq|
wkh QVGDS vlpso| ihoo vkruw ri wkdw hyhq lq wkh hohfwlrq ri Pdufk 4<66/ zkhq Klwohu zdv
douhdg| lq srzhu/ exw zdv edfnhg e| wkh vpdoo qdwlrqdolvw sduw| diwhuzdugv1 Lq Lwdo| wkh qdo
Idvflvw ylfwru| zdv srvvleoh rqo| wkdqnv wr dq hohfwrudo dooldqfh lq frpprq olvwv +lq 4<57/
wkdw lv/ wzr |hduv diwhu Pxvvrolql*v dgyhqw wr srzhu, ehwzhhq wkh Idvflvwv dqg odujh vhfwlrqv
ri wkh olehudo/ frqvhuydwlyh/ dqg fdwkrolf hvwdeolvkphqw1 Zkloh wkh Jhupdq Qdwlrqdolvwv e|
4<66 kdg ghqlwlyho| dedqgrqhg wkh fdxvh ri ghprfudf| +dqg rq wkh frqvhtxhqfhv ri dq
dqwl0ghprfudwlf E/ vhh odwhu,/ wkh srolwlfdo jurxsv doo|lqj zlwk Idvflvp lq Lwdo| zhuh vwloo
lghrorjlfdoo| dpeljxrxv dqg odujh sduwv ri wkhp glg qrw lghrorjlfdoo| rssrvh ghprfudwlf
uxoh1
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sduw| zrxog eh glhuhqw iurp wkdw k|srwkhvl}hg iru E lq wkh ruljlqdo yhuvlrq ri
wkh jdph/ dqg wkh sd|rv zrxog eh vxfk wkdw lw zrxog kdyh vwurqj lqfhqwlyhv wr
yhwr J*v uhsuhvvlrq dovr lq wkh uljkw0kdqg qrgh ri wkh jdph1 Pruh vshflfdoo|/
d E ohdqlqj wrzdugv dqwl0ghprfudwlf srvlwlrqv zrxog kdyh wkh iroorzlqj sd|r
ixqfwlrq=
E @ +LUF A EG A PG A VT,
Vlqfh zh duh k|srwkhvl}lqj E dv d vhpl0or|do sduw|/ lq zklfk dqwl0ghprfudwlf
whqghqflhv frh{lvw dqg voljkwo| ryhufrph rwkhu lqwhuqdo whqghqflhv zklfk duh
sur0ghprfudwlf ru lq dq| fdvh frpsdwleoh zlwk ghprfudf|/ wkh sduw| zrxog vwloo
suhihu LUF wr EG/ wkdw lv/ nhhslqj dolyh d ghprfudwlf v|vwhp lq zklfk lw lv khjh0
prqlf/ vlqfh wkh frpsohwh holplqdwlrq ri ghprfudf| zrxog suredeo| wkuhdwhq
wkh frkhvlrq ri wkh sduw| +ru ri wkh sroh, lwvhoi1 Krzhyhu/ euhdngrzq zrxog eh
suhihuuhg wr d shuvlvwhqfh ri glvidyrudeoh srolwlfdo htxloleuld lq d ghprfudwlf v|v0
whp1 Wkh suhgrplqdqfh ri wkh h{wuhph zlqj zlwklq E dffrxqwv iru wklv fuxfldo
vkliw lq E*v suhihuhqfhv1 Wklv sd|r ixqfwlrq fkdqjhv wkh vlwxdwlrq hvvhqwldoo|
lq wkh uljkw0kdqg eudqfk ri wkh jdph wuhh/ lq zklfk E zrxog qrz yhwr J*v
uhsuhvvlrq/ suhihuulqj EG wr PG1 Wkh jdph wuhh zlwk wkh qhz htxloleuld duh
uhsuhvhqwhg lq Ilj1 51
^Ilj1 5 derxw khuh‘
Ilqdoo|/ J pljkw qrw eh ixoo| vxuh derxw wkh uhdo dqwl0ghprfudwlf qdwxuh ri
wkh rssrvlwlrq sduw|1 Wklv phdqv wkdw J kdv d ixuwkhu vhw ri eholhiv/ derxw wkh
qdwxuh ri wkh rssrvlwlrq sduw| R/ zklfk dovr jxlgh lwv ghflvlrq zkhwkhu wr uhsuhvv
ru qrw1 Lw lv qrw xqolnho| wkdw wkh yhu| irupdo srvvlelolw| +vshflf ohjlvodwlrq/
zlgh h{hfxwlyh srzhuv/ hwf1, iru wkh jryhuqphqw wr uhsuhvv dq h{wuhplvw sduw|
ohdgv wkh odwwhu wr wkh dgrswlrq ri srolwlfdo wdfwlfv dlplqj wr glvjxlvh lwv uhdo
+dqwl0ghprfudwlf, qdwxuh1 Wkxv/ dqwl0ghprfudwlf sduwlhv pljkw sd| ols vhuylfh
wr ghprfudf| zkloh frqfhdolqj wkhlu uhdo vxeyhuvlyh dlpv1 Lq wkhvh fdvhv wkh
jryhuqphqw pd| qrw eh 433( vxuh ri wkh qdwxuh ri wkh rssrvlwlrq sduw|/ dqg
wklv fdq dhfw lwv ghflvlrq wr uhsuhvv lw ru qrw1 Lq idfw/ li wkh rssrvlwlrq sduw|
grhv qrw kdyh dqwl0ghprfudwlf jrdov/ wkh jryhuqphqw pljkw qrw zdqw wr uhsuhvv
lw dqg pljkw udwkhu dwwhpsw wr vwdelol}h wkh v|vwhp e| lqwhjudwlqj wkh sduw| lq
txhvwlrq lq lw1 Wkh uhsuhvvlrq ri dq rssrvlwlrq sduw| lv lq idfw dozd|v frvwo| lq
d ghprfudf|/ dqg J zrxog qrw uhsuhvv lw xqohvv wklv zdv devroxwho| qhfhvvdu| wr
dyrlg d euhdngrzq/ vlqfh lw pljkw eh dq xqsrsxodu pryh wkdw zrxog qhjdwlyho|
dhfw J*v shuirupdqfh lq wkh xsfrplqj hohfwlrqv1 Rq wkh frqwudu|/ li R lv dqwl0
ghprfudwlf/ lwv lqvhuwlrq lq wkh sduoldphqw rqo| jlyhv lw pruh srzhu wr ixoo lwv
sodqv ri euhdnlqj wkh v|vwhp grzq/ dqg wklv pxvw eh dyrlghg e| J dw doo frvwv1<
<D srvvleoh zd| wr prgho wklv ixuwkhu vhw ri eholhi zrxog eh wr dgg dqrwkhu Fkdqfh pryh
dw wkh ehjlqqlqj ri wkh jdph wuhh/ zlwk wzr sdudphwhuv lqglfdwlqj wkh vxemhfwlyh suredelolwlhv
dwwdfkhg e| erwk J dqg E uhvshfwlyho| wr wkh frpsdwlelolw| dqg lqfrpsdwlelolw| ri R*v lghrorj|
dqg srolwlfdo jrdov zlwk ghprfudwlf uxoh/ dqg wkhq vroyh wkh jdph dffruglqjo|1 Qhhgohvv wr
vd|/ wklv zrxog frqvlghudeo| frpsolfdwh wkh jdph1
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8 Suhyhqwlrq dqg Vxerswlpdo Fkrlfhv
Wkh jdph ghvljqhg lq wklv sdshu uhsuhvhqwv d vlwxdwlrq lq zklfk wkh sured0
elolw| ri d ohjdo wdnhryhu ri ghprfudf| e| dq dqwl0ghprfudwlf rssrvlwlrq lv
uhdolvwlfdoo| srvvleoh/ erwk iru wkh h{shfwhg ixwxuh hohfwrudo shuirupdqfh ri R
lq lwvhoi/ dqg iru wkh lqfhqwlyh wr ghihfw wkdw wklv fdq uhsuhvhqw iru sduwv ri wkh
jryhuqphqwdo frdolwlrq +qdpho| E, hyhq ehiruh wkh hohfwlrq wdnhv sodfh1 Lq wkh
vlwxdwlrq uhsuhvhqwhg lq wkh jdph/ J*v ghflvlrq wr uhsuhvv R dqg E*v ghflvlrq wr
yhwr zrxog eh gulyhq e| wkhlu h{shfwdwlrqv derxw wkhlu rzq dqg R*v vwuhqjwk
diwhu wkh hohfwlrqv1 Lq wkh ruljlqdo ghvljq ri wkh jdph/ wkh wzr sod|huv pryh lq
vxfk d zd| wr dyrlg wkh euhdngrzq ri ghprfudf| li wkh| eholhyh wkdw R lv jrlqj
wr zlq hohfwlrqv dqg eh khjhprqlf lq dq| srvvleoh ixwxuh frdolwlrq1 Lq wklv fdvh/
J zrxog sd| wkh sulfh ri vrph xqsrsxodulw| iru lwv uhsuhvvlyh vwudwhj|/ exw d
euhdngrzq zrxog eh dyrlghg1 Krzhyhu/ li vrph ri wkh edvlf dvvxpswlrqv ri wkh
jdph duh uhod{hg/ J pljkw qg lwvhoi lq d yhu| gl!fxow vlwxdwlrq wkdw pdnhv
lw lpsrvvleoh wr dyrlg euhdngrzq e| phdqv ri d ghihqfh vwudwhj| uhvshfwixo ri
ghprfudwlf surfhgxuhv1 Lq idfw/ li E yhwrhv J*v uhsuhvvlrq rq wkh edvlv ri d
plvwdnhq eholhi derxw wkh rxwfrph ri wkh hohfwlrqv ehfdxvh lw grhv qrw ixoo|
vkduh J*v frpplwphqw wr ghihqg wkh ghprfudwlf v|vwhp ri jryhuqphqw/ euhdn0
grzq pljkw ehfrph d uhdolvwlf/ ru hyhq olnho|/ vfhqdulr1 Wkh dujxphqw khuh lv
wkh iroorzlqj= kljkhu ydoxhv ri 5 dfwxdoo| pdnh euhdngrzq pruh olnho|/ vlqfh
wkhvh zrxog sxvk E wr yhwr dq hyhqwxdo uhsuhvvlyh vwudwhj| xqghuwdnhq e| J1
Dv h{sodlqhg ehiruh/ 5 fdswxuhv qrw rqo| wkh h{shfwhg vwuhqjwk ri E lq wkh
ixwxuh hohfwlrqv/ exw dovr wkh eholhi lq dq hyhqwxdo uhodwlyh ylfwru| ri R wkdw
pdnhv d frdolwlrq zlwk E +djdlqvw J, srvvleoh1 Lq wkdw eudqfk ri wkh wuhh/ J lv
dfwxdoo| srzhuohvv/ vlqfh lw kdv wkh fkrlfh ehwzhhq qrw uhsuhvvlqj dqg vhhlqj E
yhwr lwv hyhqwxdo uhsuhvvlrq +vhh j1 4,1 Wkh ydoxhv ri 5 duh/ rwkhu wklqjv ehlqj
htxdo/ d ixqfwlrq ri wkh vwdelolw| ri wkh hohfwrudwh1 Lq rwkhu zrugv/ d vlwxdwlrq ri
fulvlv/ lq zklfk wkh hohfwrudwh lv odujho| xqvdwlvhg zlwk J*v shuirupdqfh/ frxog
eh h{sorlwhg e| erwk E dqg R wr lqfuhdvh wkhlu hohfwrudo iroorzlqj1 Lq vxfk d
vlwxdwlrq/ wkh ydoxhv ri 5 zrxog lqfuhdvh li J dqg E wklqn wkdw erwk E dqg R
zrxog ehqhw iurp wklv vlwxdwlrq/ exw E zrxog gr vr pruh wkdq R1 Zkdw J fdq
gr lv suhyhqw wklv vlwxdwlrq e| dfwlqj djdlqvw R suhyhqwlyho|/ lq d vlwxdwlrq ri
uhodwlyh vwdelolw|/ zkhq 4 lv kljk1 Wklv zrxog eh d vxerswlpdo fkrlfh lq wkh
vkruw whup/ exw zrxog suredeo| dyrlg wkdw R hyhu ehfrphv vwurqj hqrxjk wr eh
vhhq e| E dv d srvvleoh srolwlfdo sduwqhu1 E| wkzduwlqj wkh ghyhorsphqw ri R
zkhq lw lv vwloo zhdn +vr wkdw E grhv qrw h{shfw lw wr eh vwurqj hqrxjk iru lw wr
ghvhuw J lq d vlwxdwlrq ri fulvlv,/ J dovr uhgxfhv wkh olnholkrrg ri plvfdofxodwlrqv
derxw wkh rxwfrph ri ixwxuh hohfwlrqv1 Ohw xv vhh wklv dujxphqw lq ghwdlo1
^Ilj1 6 derxw khuh‘
Ilj1 6 ghvfulehv vfkhpdwlfdoo| wkh iroorzlqj vlwxdwlrq143 Dvvxplqj wkdw dw
wl wkhuh lv d vlwxdwlrq ri vwdelolw| lq zklfk J lv vwurqj dqg E kdv qr lqfhqwlyh
wr ghihfw/ d vlwxdwlrq ri fulvlv ghyhorslqj ehwzhhq wl dqg wq +wkh jdph lv sod|hg
43Olqhv duh lpdjlqdulo| gudzq1
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dw vrph wlph ehwzhhq wp dqg wq, zrxog suryrnh d ghfuhdvh ri 4 dqg d sdudooho
lqfuhdvh ri wkh duhdv ri 5 dqg 4  4  51 Lq hdfk ri wkh wkuhh duhdv wkh
htxloleulxp vwudwhjlhv ri J dqg E duh lqglfdwhg1 Krzhyhu/ li E dqg J*v eholhiv
derxw wkh hohfwlrq uhvxow duh zurqj/ dqg R kdv d pxfk odujhu ylfwru| wkdq
h{shfwhg/ wkhq hyroxwlrq ri wkh v|vwhp wrzdugv euhdngrzq zrxog eh olnho|1 D
vhpl0or|do E/ uhsuhvhqwhg e| d glhuhqw sd|r ixqfwlrq iru wklv dfwru/ zrxog
dovr pdnh euhdngrzq suredeoh/ lq vxfk d vlwxdwlrq1 Wkxv/ wkh vlwxdwlrq vkrzq
lq wkh jdph fdq dfwxdoo| eh yhu| ulvn| iru J/ dqg iru ghprfudf| dv vxfk/ li wkh
jdph lv sod|hg ehwzhhq wp dqg wq1
Wr dyrlg wklv ulvn/ d vroxwlrq iru J zrxog eh wr dfw suhyhqwlyho| rq R/ qdpho|
wr hqdfw surwhfwlyh dqwl0h{wuhplvw surylvlrqv +dqg wr lpsohphqw sdudooho qhjr0
wldwlrqv dqg vshflf srolflhv dlplqj wr vroyh wkh pruh jhqhudo vrfldo sureohpv
wkdw qxuwxuh wkh h{wuhplvw yrwh, wkdw zloo uhqghu wkh vlwxdwlrq ghvljqhg lq wkh
jdph xqolnho|1 J zrxog eh ehwwhu r dqg dyrlg wkh ulvn ri euhdngrzq e| hqdfw0
lqj d ghihqvlyh vwudwhj| +lq zklfk uhsuhvvlrq sod|v dq lpsruwdqw uroh exw lv e|
qr phdqv wkh rqo| dvshfw ri wkh vwudwhj|, hduo|/ wkdw lv/ zkhq R lv vwloo zhdn/
dqg lwv h{shfwhg ixwxuh vwuhqjwk lv qrw vxfk wkdw lw fdq frqvwlwxwh d vx!flhqw
lqfhqwlyh iru E wr ghihfw iurp J1 Dv vkrzq lq j1 4/ E zrxog qrw yhwr uhsuhvvlrq
lq wkh ohiw0kdqg eudqfk ri wkh wuhh/ vlqfh lw suhihuv PG wr VT1 Wklv vwudwhj|/
krzhyhu/ zrxog uxq frxqwhu wr wkh idfw wkdw/ vlqfh uhsuhvvlrq lv xqsrsxodu lq
d ghprfudf|/ J zrxog qrw uhsuhvv li wklv lv qrw devroxwho| qhfhvvdu|1 Lq rwkhu
zrugv/ rq wkh rqh kdqg/ J zrxog eh ehwwhu r qrw sod|lqj wkh jdph ghvfulehg
lq j1 4/ vlqfh li rqh ri wkh dvvxpswlrqv derxw E*v sd|rv/ ru derxw wkh frpprq
nqrzohgjh derxw wkh dqwl0ghprfudwlf qdwxuh ri R lv qrw phw/ ghprfudwlf euhdn0
grzq ehfrphv d uhdolvwlf shuvshfwlyh1 Rq wkh rwkhu kdqg/ J pljkw dfwxdoo| jhw
wr wkdw vwdjh/ vlqfh lq wkh suhylrxv wlph shulrgv lw sod|v wkh jdph uhsuhvhqwhg
rqo| lq wkh ohiw0kdqg eudqfk +zlwk 4 * 4,/ zkhuh lwv grplqdqw vwudwhj| lv U1
Lq rwkhu zrugv/ e| qrw uhsuhvvlqj R zkhq lw lv zhdn +vlqfh wkhuh lv qr qhhg wr
sd| wkh srolwlfdo frvwv ri uhsuhvvlrq,/ J pljkw kdyh wr uhsuhvv lw lq d fulvlv vlwx0
dwlrq/ zkhq lw pljkw ehfrph pruh gl!fxow wr gr vr/ ehfdxvh ri wkh kljkhu frvwv
ri uhsuhvvlqj d eljjhu sduw|/ ru lw pljkw hyhq qg lw lpsrvvleoh wr gr vr/ vlqfh
E pljkw kdyh d vwurqjhu lqwhuhvw wr yhwr J*v ghflvlrq iru wkh deryh phqwlrqhg
uhdvrqv1
Ilj1 7 uhsuhvhqwv wklv vlwxdwlrq1 Dw wl J kdv yhu| vwurqj eholhiv wkdw lw lv
jrlqj wr zlq wkh qh{w hohfwlrqv dqg wkdw R grhv qrw frqvwlwxwh hlwkhu d gdqjhu
ru d srvvleoh dowhuqdwlyh sduwqhu iru E/ phdqlqj wkdw dw wl.4 wkh vlwxdwlrq zloo
vwd| pruh ru ohvv wkh vdph1 Lwv vkruw0whup htxloleulxp vwudwhj| lv wkdw ri qrw
uhsuhvvlqj/ vlqfh wkhuh lv qr qhhg wr sd| wkh srolwlfdo sulfh iru wkdw1 Krzhyhu/ li
J frxog iruhvhh wkh ghyhorsphqw ri wkh eholhi fxuyhv dv sruwud|hg lq wkh judsk
lq j1 6 +dqg uhsurgxfhg lq j1 7, dqg wkh vlwxdwlrq/ ehwzhhq wp dqg wq/ lq
zklfk lw frxog qg lwvhoi sod|lqj d gdqjhurxv jdph/ lw pljkw dfwxdoo| ghflgh wr
uhsuhvv R hyhq zkhq wklv lv zhdn/ dqg wr sd| d uhodwlyho| vpdoo srolwlfdo sulfh
lq wkh vkruw whup wr dyrlg wkh ulvn ri kdylqj wr sd| d pxfk kljkhu sulfh dw d
odwhu gdwh1 Uhsuhvvlqj dw wlph wl +dqg zkhqhyhu lv qhfhvvdu| hyhq li 4 lv kljk,
zrxog uhgxfh wkh suredelolw| ri wkh rwkhu wzr rxwfrphv/ qdpho| wkdw R euhdnv
wkurxjk lq hohfwlrqv +445, dqg +hvshfldoo|, wkdw lw fdq frqvwlwxwh d xvhixo
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sduwqhu iru E*v srolwlfdo vwudwhjlhv +5,1 Wkh qhz eholhiv/ suredeoh orqj0whup
frqvhtxhqfhv ri vkruw whup vxerswlpdo fkrlfhv e| J/ duh uhsuhvhqwhg lq wkh
judsk e| wkh grwwhg fxuyhv1
^Ilj1 7 khuh‘
Wvheholv +4<<3, kdv pdgh xv dzduh wkdw zkhq dq dfwru dsshduv wr eh sxuvxlqj
d vxerswlpdo vwudwhj| lq d fhuwdlq jdph/ wklv fdq ghshqg rq wkh idfw wkdw lw lv
dfwxdoo| sod|lqj wzr ru pruh jdphv vlpxowdqhrxvo|/ hlwkhu jdphv lq glhuhqw
duhqdv/ ru d jdph rq wkh uxohv ri wkh jdph lwvhoi1 Lq wkh fdvh ghvfulehg khuh/ J
sod|v wzr jdphv dw wl= rqh kdylqj wr gr zlwk wkh h{shfwdwlrqv derxw R dw wl.4/
dqrwkhu rqh kdylqj wr gr zlwk h{shfwdwlrqv dw wp wq1 Lw zrxog eh udwlrqdo
xqghu fhuwdlq flufxpvwdqfhv +E*v dpeljxrxv lghrorjlfdo qdwxuh/ ru vljqdov ri
fulvlv wkdw pd| irvwhu R*v hohfwrudo shuirupdqfh lq wkh orqj uxq/ hwf1, iru J wr
sod| d vxerswlpdo vwudwhj| lq wkh jdph dw wl/ qdpho| wr uhsuhvv R/ lq rughu wr
uhgxfh wkh ulvn ri rewdlqlqj d yhu| qhjdwlyh sd|r ehwzhhq wp dqg wq1
9 Frqfoxvlrqv= Vrph Klvwrulfdo H{dpsohv
Dowkrxjk wkh g|qdplfv xqghuo|lqj wkh ghihqvh dqg euhdngrzq ri ghprfudf| lv
yhu| frpsoh{/ wkh jdph hoderudwhg lq wklv sdshu dqg lwv yduldwlrqv gluhfw dwwhq0
wlrq wrzdugv vrph fuxfldo dvshfwv ri wkdw g|qdplfv1 Lq pdq| fdvhv ri vxffhvvixo
dqg idlohg ghihqvh ri ghprfudf| djdlqvw dqwl0ghprfudwlf irufhv/ wkh eholhiv ri
erwk J dqg E derxw wkh qdwxuh ri R/ dqg derxw ixwxuh srzhu htxloleuld/ dv
zhoo dv wkh ghprfudwlf frpplwphqw ri E/ kdyh suryhg fuxfldo1 Iru wkh sxu0
srvhv ri wklv sdshu/ L zloo uhihu rqo| wr wkuhh fdvhv= wkh euhdngrzq ri ghprfudf|
+ohjdo uhyroxwlrq/ vhh Wdufkl 4<<7, lq Lwdo| lq wkh hduo| *53v/ wkh lqwhusod| eh0
wzhhq wkh jryhuqphqw sduwlhv dqg wkh dqwl0ghprfudwlf Vxghwhqghxwvfkh Sduwhl
lq F}hfkrvorydnld lq wkh plg063v/ dqg wkh uroh ri wkh lqvwlwxwlrqdo dqwl0h{wuhplvw
dssdudwxv lq irufh lq wkh Ihghudo Uhsxeolf ri Jhupdq| diwhu 4<7<1
Wkh euhdngrzq ri ghprfudf| lq Lwdo| ehwzhhq 4<55 dqg 4<58 zdv fhuwdlqo|
fdxvhg e| pdq| idfwruv/ dqg lw lv gl!fxow wr ohdg lw edfn wr d vlqjoh fdxvh1
Krzhyhu/ wkh qdo Idvflvw ylfwru|/ dowkrxjk fhuwdlqo| khoshg e| d glxvh skh0
qrphqrq ri srolwlfdo ylrohqfh/ vkrzhg rq wkh zkroh d uhodwlyh uhvshfw ri irupdo
sduoldphqwdu| surfhgxuhv +Jdool 4<:9> Iduqhwl 4<;4,1 Pxvvrolql*v wlq| sduw|
zdv uvw eurxjkw lqwr wkh Sduoldphqw lq 4<54 wkdqnv wr d srolwlfdo dooldqfh zlwk
vrph vhfwruv ri wkh olehudov/ wkhq vxssruwhg lq jryhuqphqw diwhu Rfwrehu 4<55
e| djdlq wkh olehudov dqg wkh fdwkrolf Srsxodu Sduw|1 Wkh lqlwldo vwudwhj| ri
vrph olehudo vhfwruv zdv wr vkliw wkh srolwlfdo htxloleulxp ri wkh frxqwu| +dqg
ri wkh jryhuqphqw, wrzdugv wkh uljkw e| h{sorlwlqj wkh uhodwlyh hohfwrudo vxf0
fhvvhv ri wkh hphujlqj Idvflvw sduw| lq wkh 4<54 hohfwlrqv1 Dowkrxjk diwhu wklv
hohfwlrq rqo| 68 idvflvwv rewdlqhg d vhdw lq wkh Fkdpehu ri Ghsxwlhv/ lw zdv vrrq
fohdu wkdw wkh qhz sduw| glg qrw lqwhqg wr doorz dq|erg| wr lqvwuxphqwdol}h lw
iru dq|wklqj glhuhqw wkdq lwv rzq srolwlfdo surmhfwv1 D vwudwhj| ri dwwhpswhg
lqvxuuhfwlrq +wkh pdufld vx Urpd, lqgxfhg wkh Nlqj wr dssrlqw Pxvvrolql dv
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Sulph Plqlvwhu/ dqg wkh vxevhtxhqw lqwhqvlfdwlrq ri srolwlfdo ylrohqfh djdlqvw
wkh rssrvlwlrqv jdyh wkh idvflvwv lqfuhdvlqj srolwlfdo srzhu/ zhoo eh|rqg wkhlu
vkduh ri sduoldphqwdu| vhdwv1 Wklv sdyhg wkh zd| wr wkh uhirup ri wkh hohfwrudo
odz +4<57, dqg wr dq dxwkrulwduldq uhjlph lq wkh lpphgldwho| vxevhtxhqw |hduv1
Wkh ghyldwlrq iurp wkh vnhwfk| prgho ghvfulehg lq wkh sdshu khuh kdv wr gr
zlwk wkh phwkrgv e| zklfk wkh Idvflvwv jdlqhg devroxwh srzhu1 Lq rwkhu zrugv/
wkh uljkw0zlqj olehudo dqg fdwkrolf idfwlrqv +E, wkdw frxqwhg rq wkh vxssruw ri
wkh Idvflvw sduw| +R, wr jdlq srzhu wkhpvhoyhv zhuh qrw zurqj derxw wkh hohf0
wrudo shuirupdqfh ri wkh Idvflvwv lq 4<541 Wkh| zhuh krzhyhu zurqj derxw wkh
srvvlelolw| ri khjhprql}lqj wkh Idvflvw sduw| rqfh lw kdg hqwhuhg sduoldphqw1
Wkdqnv wr wkh wdfwlfv ghvfulehg deryh/ wkh Idvflvwv dfwxdoo| pdqdjhg wr irup
d jryhuqphqw lq zklfk wkh| sod|hg wkh khjhprqlf uroh/ dqg wkhlu doolhv rqo| d
mxqlru rqh1 Wklv zdv wkh uvw vwhs wrzdugv ghprfudwlf euhdngrzq1
Lq wkh Iluvw F}hfkrvorydn Uhsxeolf +4<5304<6;, wkh dqwl0ghprfudwlf dqg lu0
uhghqwlvw Vxghwhq Jhupdq Qdwlrqdolvw +GQS, dqg Qd}l sduwlhv +GQVDS, zhuh
lqfuhdvlqjo| gdqjhurxv diwhu wkh ulvh wr srzhu ri Klwohu lq Jhupdq| dw wkh hqg
ri Mdqxdu| 4<661 Wkh F}hfkrvorydn jryhuqphqw/ edvhg rq d eurdg +dqg khwhur0
jhqhrxv, frdolwlrq ri erxujhrlv +Fdwkrolf/ Djuduldq/ Frqvhuydwlyhv iru d vkruw
shulrg, dqg vrfldolvw sduwlhv +wkh Vrfldo Ghprfudwv dqg wkh Qdwlrqdo Vrfldolvwv,
pdqdjhg wr edq erwk sduwlhv lq Rfwrehu 4<661 Krzhyhu/ wkh Jhupdq dqwl0
ghprfudwlf hohphqwv jdwkhuhg djdlq xqghu wkh edqqhuv ri d qhz irupdwlrq/ wkh
Vxghwhq Jhupdq Krph Iurqw +odwhu wkh Vxghwhq Jhupdq Sduw|/ VGS,1 Wkh
VGS glg qrw pdqdjh wr euhdn F}hfkrvorydn ghprfudf| iurp zlwklq/ exw lw zdv
dq hvvhqwldo dfwru lq wkh jhqhudo vwudwhj| ri Klwohu lq qhxwudol}lqj F}hfkrvorydnld/
zklfk kh frqvlghuhg dv d pdmru revwdfoh wr klv sodqv ri whuulwruldo h{sdqvlrq lq
Hdvwhuq Hxursh1 F}hfkrvorydnld zdv dfwxdoo| glvphpehuhg diwhu wkh Pxqlfk
Frqihuhqfh lq Vhswhpehu 4<6;/ dqg wkh uhvw ri Erkhpld zdv ghqlwlyho| wudqv0
iruphg lqwr d surwhfwrudwh ri wkh Jhupdq Uhlfk lq Pdufk 4<6<1
Wkh vwxg| ri wkh lqwhudfwlrq ehwzhhq wkh ydulrxv frpsrqhqwv ri wkh F}hfkrvor0
ydn h{hfxwlyh dqg wkh VGS lq wkh fuxfldo |hduv 4<6604<6; vkrzv vhyhudo lqwhu0
hvwlqj srlqwv wkdw duh sduwldoo| fdswxuhg lq wkh prgho hoderudwhg lq wkh sdshu
dqg lwv yduldwlrqv1
Rqh srlqw wrzdugv zklfk wr gluhfw dwwhqwlrq lv wkdw ri wkh xqfhuwdlqw| ri
wkh jryhuqphqw dqg ri sduwv ri wkh qhxwudo sxeolf rslqlrq derxw wkh uhdo qdwxuh
ri wkh VGS1 Wkh lpsuhvvlyh dssdudwxv ri dqwl0h{wuhplvw ohjlvodwlrq suhvhqw lq
F}hfkrvorydnld +Fdsrffld 4<<<e,/ dqg wkh vnloixo wdfwlfv ri wkh sduw| ohdghu
Nrqudg Khqohlq lq sd|lqj ols vhuylfh wr ghprfudwlf ydoxhv dqg lqvwlwxwlrqv lq
wkh h|hv ri erwk wkh F}hfkrvorydn dqg wkh lqwhuqdwlrqdo sxeolf rslqlrq ohg pdq|
lpsruwdqw srolwlfdo dfwruv wr ihho xqfhuwdlq derxw wkh uhdo qdwxuh ri wkh sduw|1 Lq
wkh jryhuqphqwdo frdolwlrq/ wkh wzr Vrfldolvw Sduwlhv/ dqg wkh lq xhqwldo jxuh
ri wkh Iruhljq Plqlvwhu Hgxdug Ehqhv zhuh lq idyru ri wkh edq/ zkloh rwkhu
irufhv/ hvshfldoo| wkh uljkw0zlqj ri wkh Djuduldq Sduw|/ zhuh djdlqvw lw1 Wkh
Sulph Plqlvwhu/ wkh Djuduldq Pdo|shwu/ ghflghg wr ryhufrph wkh lpsdvvh e|
uhihuulqj wr wkh Suhvlghqw ri wkh Uhsxeolf Wkrpdv J1 Pdvdu|n iru vhwwolqj wkh
pdwwhu1 Wkh Suhvlghqw ghflghg qrw wr edq wkh sduw|1 Lq wkrvh frqglwlrqv/ lq
idfw/ d sduw| edq zrxog kdyh ehhq yhu| frvwo| iru wkh jryhuqphqw= wkh srolwlfdo
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htxloleulxp ri wkh fdelqhw zrxog kdyh ehhq frpsurplvhg/ dqg wkh xqsrsxodulw|
frvwv lq wkh frxqwu| dqg deurdg +lqwhuqdwlrqdo sxeolf rslqlrq zdv dovr glylghg
rq lwv mxgjhphqw derxw wkh sduw|, zrxog kdyh ehhq kljk wrr1 Krzhyhu/ wkhuh lv
hylghqfh wkdw Pdvdu|n ghflghg qrw wr edq wkh VGS dovr ehfdxvh kh wkrxjkw wkdw
lwv hqwu| lqwr wkh qdwlrqdo sduoldphqw zrxog prghudwh lwv jrdov dqg ehkdylrxu1
Lq dgglwlrq/ kh wkrxjkw wkdw d edq zrxog vwloo eh srvvleoh lq wkh ixwxuh +Pdpdwh|
4<:6,1
Khuh wzr nlqgv ri eholhiv vhhp wr eh suhvhqw1 Iluvw/ d eholhi derxw wkh
uhdo qdwxuh ri wkh VGS1 Lq idfw/ dq| krshv derxw prghudwlqj wkh VGS zhuh
ryhu0rswlplvwlf/ exw hylghqfh vkrzv wkdw wkh Suhvlghqw zdv qrw ixoo| vxuh derxw
wkh qdwxuh ri wkh sduw| lq txhvwlrq dv dq luuhgxfleoh hqhp| ri F}hfkrvorydn
ghprfudf|1 D vhfrqg eholhi uhjdugv wkh uhvxow ri wkh hohfwlrqv1 Wkh txhvwlrq
zkhwkhu wr edq wkh VGS durvh lq idfw lq wkh prqwkv sulru wr wkh 4<68 hohfwlrq/
lq zklfk wkh euhdnwkurxjk ri wkh VGS fdph dv xqh{shfwhg1 Wkh ylfwru| ri wkh
VGS lq 4<68 +wkh vhfrqg0odujhvw sduoldphqwdu| jurxs/ rqo| rqh vhdw ohvv wkdq
wkh Djuduldq Sduw|, pdgh lw pxfk pruh gl!fxow iru wkh jryhuqphqw wr edq lw1
Wkh uljkw zlqj ri wkh Djuduldq Sduw| dovr surskhvl}hg wkh rxwfrph ri wkh
hohfwlrqv zurqjo|1 Wkh Djuduldqv zhuh wkh pdlq sduw| ri F}hfkrvorydnld/ kdg
frqvwdqwo| dssrlqwhg wkh Sulph Plqlvwhu diwhu 4<55/ dqg fdq eh ghvfulehg dv d
fhqwhu sduw|1 Krzhyhu/ wkh| zhuh d yhu| glyhuvh jurxs lqwhuqdoo|/ dqg douhdg|
lq 4<63 wkh uljkw zlqj vwduwhg wr jdlq srzhu zlwklq wkh sduw|1 Wklv lqwhuqdo
iudfwlrq ihow lqfuhdvlqjo| xqfrpiruwdeoh lq d jryhuqphqwdo frdolwlrq zkhuh wkh
vrfldolvw irufhv dqg wkh ohiw zlqj ri wkhlu sduw| sodfhg wkhp lq wkh srvlwlrq ri d
plqrulw|/ dqg zkhuh wkh| frxog qrw sxvk wkhlu lvvxhv wkurxjk1 Wkxv/ lq 4<66068
wkh| vwduwhg wr|lqj zlwk wkh lghd ri h{sorlwlqj wkh uhodwlyh vxffhvv ri wkh VGS
+rqh Djuduldq ohdghu vsrnh fohduo| ri wkh xvhixoqhvv ri ohwwlqj wkh VGS rewdlq
48 vhdwv, lq rughu wr fkdqjh wkh htxloleulxp zlwklq wkh fdelqhw dqg/ li srvvleoh
wr h{foxgh wkh vrfldolvw sduwlhv iurp wkh jryhuqphqwdo frdolwlrq1 Wklv lv zk| wkh
Djuduldq uljkw zlqj yhwrhg wkh sursrvdo sxw iruzdug e| wkh pdmrulw| ri wkh
rwkhu jryhuqphqwdo irufhv wr edq wkh sduw| douhdg| lq 4<660671 Dv vdlg/ wkh
VGS rewdlqhg dq xqh{shfwhg hohfwrudo ylfwru| +derxw wkuhh wlphv wkh 48 vhdwv
ri wkh sodqv ri wkh Djuduldq uljkw0zlqj,/ dqg ri frxuvh vkrzhg yhu| olwwoh vljqv
ri prghudwlrq wkdw zhuh qrw irupdo ols vhuylfh dqg krpdjh wr wkh ghprfudwlf
ulwxdov1
Lq vxp/ qrwzlwkvwdqglqj wkh F}hfkrvorydn vwdwh zdv irupdoo| hqgrzhg zlwk
vx!flhqw ohjdo phdqv ri edqqlqj wkh Qd}l VGS/ wkh sduw| zdv qrw edqqhg pdlqo|
iru wzr uhdvrqv= uvw/ wkh yhwr ri d frpsrqhqw ri wkh frdolwlrq +E,/ zklfk khog
plvwdnhq eholhiv derxw wkh nlqg ri ixwxuh uhodwlrqvkls +lq whupv ri sduoldphqwdu|
vwuhqjwk, ehwzhhq lw dqg wkh VGS +R,1 Vhfrqgo|/ wkh vwudwhj| ri wkh Suhvlghqw
ri wkh Uhsxeolf zkr fdq eh frqvlghuhg dv sduw ri J/ lq wklv frqwh{w/ vlqfh lq klv
srzhu lw od| wr uhvroyh wkh frq lfw derxw wkh pdwwhu lqwhuqdo wr wkh jryhuqphqwdo
pdmrulw| zkr khog d zurqj eholhi erwk derxw wkh hohfwlrq uhvxow dqg derxw wkh
uhdo qdwxuh +dqg pdoohdelolw|, ri wkh VGS1
Wkh sureohp ri pdnlqj wkh jryhuqphqw fhuwdlq derxw wkh qdwxuh ri R kdv
ehhq vroyhg lq wkh Ihghudo Uhsxeolf ri Jhupdq| wkdqnv wr d sduwlfxodu idfhw ri
wkh lqvwlwxwlrqdo ghvljq frqwdlqhg lq wkh 4<7< frqvwlwxwlrq dqg wkh vxevhtxhqw
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ohjlvodwlrq rq wkh surwhfwlrq ri wkh ghprfudwlf uhjlph1 Dv lq wkh F}hfkrvorydn
ohjlvodwlrq phqwlrqhg deryh/ dovr dffruglqj wr wkh Jhupdq Ixqgdphqwdo Odz
+duw1 54/ dolqhd 5,/ dq dqwl0ghprfudwlf sduw| fdq eh edqqhg e| wkh Ihghudo
Frqvwlwxwlrqdo Frxuw rq wkh uhtxhvw ri wkh Ihghudo Jryhuqphqw +ru ri wkh Suhv0
lghqwv ri wkh wzr Fkdpehuv ri Sduoldphqw,1 Krzhyhu/ wkh Jhupdq lqvwlwxwlrqdo
duudqjhphqwv jr eh|rqg wkh phuh srvvlelolw| ri edqqlqj dq h{wuhplvw sduw|1 Wkh
vr0fdoohg Yhuidvvxqjvvfkxhw} +Vhuylfh iru wkh surwhfwlrq ri wkh frqvwlwxwlrq,/ d
jryhuqphqwdo lqirupdwlrq vhuylfh/ prqlwruv dqg lqowudwhv doo jurxsv/ dvvrfld0
wlrqv/ dqg sduwlhv wkdw pljkw idoo xqghu wkh frpshwhqfh ri wkh ohjlvodwlrq derxw
wkh surwhfwlrq ri wkh Uhsxeolf1 Wkh Yhuidvvxqjvvfkxhw} jdwkhuv lqirupdwlrq rq
vxeyhuvlyh lqglylgxdov/ jurxsv/ dvvrfldwlrqv dqg sduwlhv zklfk duh vxvshfwhg ri
ehlqj h{wuhplvw dqg sxeolvkhv lw |hduo| dw erwk wkh uhjlrqdo dqg wkh ihghudo ohyho
+Odqghv0 dqg Exqghvyhuidvvxqjvvfkxhw}ehulfkwh  Uhjlrqdo dqg Ihghudo Uhsruwv
rq wkh Surwhfwlrq ri wkh Frqvwlwxwlrq,1 Lq wklv zd|/ qrw rqo| wkh jryhuqphqw
exw dovr sxeolf rslqlrq lv lqiruphg derxw wkh uhdo qdwxuh ri h{wuhplvw srolwlfdo
dfwruv wkdw pd| eh gdqjhurxv iru wkh ghprfudwlf v|vwhp lq Jhupdq|1 Wkxv/
rq wkh rqh kdqg/ wkh jryhuqphqw kdv ghwdlohg lqirupdwlrq derxw wkh qdwxuh ri
wkh h{wuhplvw sduw| +R, dv idu dv lwv or|dow| wr ghprfudf| lv frqfhuqhg1 Rq wkh
rwkhu kdqg/ sxeolf rslqlrq lv lqiruphg derxw wklv/ zklfk +rwkhu wklqjv ehlqj
htxdo, uhgxfhv wkh xqsrsxodulw| frvwv ri dq hyhqwxdo jryhuqphqwdo uhsuhvvlrq1
Dv d uhvxow ri wkh vwdwxv ri wkh sduw| v|vwhp ri Zhvwhuq Jhupdq| lq wkh
odvw iw| |hduv/ qr R kdv hyhu ehhq deoh wr frqvwlwxwh d srvvleoh lqfhqwlyh wr
ghihfwlrq iru dq| E1 Krzhyhu/ wkhuh zhuh wzr fdvhv ri sduw| edq lq wkh 83v +wkh
h{wuhph uljkw0zlqj VUS lq 4<85 dqg wkh h{wuhph ohiw0zlqj NSG lq 4<89, wkdw
fdq eh lqwhusuhwhg lq d orjlf ri suhyhqwlrq/ vlplodu wr wkdw looxvwudwhg lq j1 7
deryh1 Lq rwkhu zrugv/ hduo| uhsuhvvlrq frxsohg zlwk wkh phfkdqlvpv ghvfulehg
iru uhgxflqj dw wkh vdph wlph xqfhuwdlqw| dqg xqsrsxodulw| frvwv/ suryhg yhu|
hhfwlyh lq iruhvwdoolqj d vlwxdwlrq vxfk dv wkdw ghvfulehg lq wkh jdph/ suhyhqwlqj
wkh gdqjhurxv frqvhtxhqfhv iru ghprfudf| wkdw vxfk d jdph pljkw kdyh1
: Dsshqgl{ 4  Dvvxpswlrqv rq eholhiv
D odujhu vhw ri srvvleoh rxwfrphv ri wkh hohfwlrqv wkdq wkdw wdnhq lqwr dffrxqw
lq wkh wh{w/ erwk lq whupv ri sduoldphqwdu| vwuhqjwk dqg vxevhtxhqw frdolwlrqv/
lv jlyhq lq wkh iroorzlqj wdeoh=
Hohfwlrq Rxwfrphv Wdeoh
Ho=Uh v= Vwu=Sduw| Srvv=Frdo= Lp srvv=Frdo=
J.E A R dqg J A E J J.E>J.R E .R
J.E A R dqg E A J E J.E>E .R J.R
E .R A J dqg E A R E E .R E .J>J.R
E .R A J dqg R A E R E .R>R .J E .J
Frqvlghudwlrqv edvhg rq wkh lghrorjlfdo glvwdqfh ehwzhhq J dqg R uxoh rxw
dq| sodxvleoh h{shfwdwlrq ri wklv nlqg ri frdolwlrq e| E dqg J/ hyhq li lw zhuh
4:
qxphulfdoo| srvvleoh1 Wr uhgxfh wkh vhw ri srvvleoh rxwfrphv/ L olqn wkh rxw0
frphv lq wkh irxu urzv wr h{shfwdwlrqv derxw zklfk rqh zloo eh wkh vwurqjhvw
sduw| +srolwlfdo sroh,1 Urz rqh uhsuhvhqwv d vwdwxv txr vlwxdwlrq/ lq zklfk wkh
suhh{lvwlqj uhodwlrq J A E A R shuvlvwv diwhu wkh hohfwlrqv1 Urzv irxu uhihuv
wr d odqgvolgh ylfwru| ri R/ diwhu zklfk wkh rqo| srvvleoh frdolwlrq lv zlwk E
+vhh ehiruh/ irrwqrwh bb,1 Urzv wzr dqg wkuhh ghslfw d vlwxdwlrq lq zklfk E
ehfrphv wkh vwurqjhvw dfwru1 Wkh glhuhqfh ehwzhhq wkh wzr lv jlyhq e| wkh
uhvxowv ri J/ zklfk lq urz wzr lv vwloo qxphulfdoo| vwurqj hqrxjk wr pdnh d
jryhuqphqwdo frdolwlrq zlwk E qxphulfdoo| srvvleoh/ zkloh lq urz wkuhh wklv srv0
vlelolw| lv qrw hyhq qxphulfdoo| wkhuh1 Zkloh doo rwkhu rxwfrphv duh h{shfwhg e|
J dqg E zlwk srvlwlyh vxemhfwlyh suredelolw|/ wkh prvw sureohpdwlf dvvxpswlrq
khuh lv wkdw L uxoh rxw +J dqg E eholhyh lw zlwk suredelolw| 3, wkh hyhqwxdolw|
wkdw d vwurqj E zrxog djdlq fkrrvh J dv jryhuqphqwdo sduwqhu/ dqg lqvwhdg
zrxog slfn wkh h{wuhplvw R dv d mxqlru sduwqhu lq d qhz jryhuqphqw1 Dowkrxjk/
dv doo dvvxpswlrqv/ wklv pljkw eh txhvwlrqdeoh/ wkh yhu| fkdudfwhulvwlfv ri wkh
vlwxdwlrq ghvfulehg lq wkh jdph uhqghu wklv fkrlfh ri dq hohfwrudoo| ylfwrulrxv
E dv uhdvrqdeo| h{shfwdeoh e| erwk J dqg E lwvhoi1 Ehiruh wkh hohfwlrqv/ E lv
d qrq0khjhprqlf sduwqhu lq wkh frdolwlrq zlwk J/ dqg zdqwv wr ohdg d jryhuq0
phqwdo frdolwlrq lq zklfk lwv srolf| suhihuhqfhv kdyh suhfhghqfh1 R lv qrupdoo|
d qhz/ hphujlqj dfwru1 Rwkhu wklqjv +sduoldphqwdu| vwuhqjkw ri wkh dfwruv dqg
lghrorjlfdo glvwdqfh ri E iurp J dqg R, ehlqj htxdo/ lw zrxog eh hdvlhu iru E wr
khjhprql}h d frdolwlrq zlwk wkh qhz0hphujlqj R wkdq uh0hglw d frdolwlrq zlwk
lwv rog sduwqhuv ri J1
; Dsshqgl{ 5  D srvvleoh vroxwlrq
D srvvleoh zd| ri dvvljqlqj sd|rv wr rxwfrphv lv wkdw ri dvvxplqj wkdw/ lq d
qrq0ghprfudwlf uhjlph lq zklfk R lv wkh vlqjoh0sduw|/ lw jhwv 433 dqg hyhu|erg|
hovh 3/ vlqfh qr rwkhu srolwlfdo dfwru kroglqj vxevwdqwldo srzhu lqghshqghqwo|
iurp R zrxog eh dgplwwhg/ e| ghqlwlrq1 Lq d ghprfudf|/ dqg lq wkh vlwxdwlrq
L kdyh fdoohg VT/ J zrxog kdyh d sd|r ri 93/ vlqfh wkh vkduh ri srzhu ri
wkh pdmrulwduldq phpehu ri d pxowl0sduw| jryhuqphqw frdolwlrq lv vxevwdqwldoo|
vpdoohu wkdq wkdw khog e| wkh vlqjoh0sduw| lq d qrq0ghprfudwlf v|vwhp1 Lw fdq
eh k|srwkhvl}hg wkdw/ lq wkh vdph vlwxdwlrq/ wkh mxqlru sduw| lq wkdw frdolwlrq
zrxog kdyh d vkduh ri srzhu zklfk lv ohvv wkdq kkdoi wkdq wkdw khog e| wkh
khjhprqlf sduwqhu1 Wkhuhiruh/ L dvvljq E wkh sd|r ri 58/ lq wklv vroxwlrq1 R/
lq d VT vlwxdwlrq/ zrxog eh rxwvlgh wkh jryhuqlqj frdolwlrq/ exw vwloo zrxog eh
deoh wr h{huw rssrvlwlrq/ dqg wr lq xhqfh wkh fkrlfhv ri wkh jryhuqphqw iurp
rxwvlgh1 Lw kdv wkxv d sd|r ri 481 Wkh LUF rxwfrph zrxog lpso| wkh vdph
sd|rv iru wkh pdmru dqg mxqlru frdolwlrq sduwqhuv dvvljqhg uhvshfwlyho| wr E
dqg R/ zkloh J zrxog jhw 48/ ehlqj lq rssrvlwlrq1 PG zrxog jlyh 3 wr R/ vlqfh
lw zrxog eh edqqhg ru uhsuhvvhg/ zkloh J zrxog vxhu d fhuwdlq srolwlfdo frvw
iru wkh uhsuhvvlrq ri zklfk suredeo| E zrxog ehqhw1 L kdyh vhw wkhlu uhvshfwlyh




VT @ 93 LUF @ 93 EG @ 433
PG @ 88 PG @ 63 LUF @ 58
LUF @ 48 VT @ 58 VT @ 48
EG @ 3 EG @ 3 PG @ 3
Dw wklv vwdjh lw lv qhfhvvdu| wr qg wkh ydoxhv iru 4dqg 5 wkdw vxssruw hdfk
ri wkh wkuhh htxloleuld1 L nqrz e| edfnzdug lqgxfwlrq wkdw J zloo rewdlq 93 zlwk
suredelolw| 4/ 48 zlwk suredelolw| 5 dqg 88 zlwk suredelolw| +4 4  5,1
Wkhuhiruh/ Ht1 4 zloo eh vxssruwhg e| wkh iroorzlqj frqglwlrqv=
934 A 485
dqg

















Vlploduo|/ wkh frqglwlrqv vxssruwlqj Ht1 5 duh=
485 A 934
dqg











Ilqdoo|/ wkh frqglwlrqv iru Ht16 duh=
88+4 4  5, A 934
dqg












Wkh iroorzlqj wdeoh vxppdul}hv wkh vl{ frqglwlrqv1
Wdeoh= frqglwlrqv vxssruwlqj wkh wkuhh htxloleuld ri wkh jdph=
Ht1 4 +D, 4 A
4
75 dqg +E, 4 A
44
56  44565
Ht1 5 +F, 4 ?
4
75 dqg +G, 4 A 4 47445
Ht1 6 +H, 4 ?
44
56  44565 dqg +I, 4 ? 4 47445
Wkh wdeoh pdnhv lw fohdu wkdw wkhvh frqglwlrqv duh pxwxdoo| h{foxvlyh lq
frxsohv= li +D, lv wuxh/ wkhq +F, pxvw eh idovh dqg ylfh yhuvd> li +E, lv wuxh/ wkhq
+H, pxvw eh idovh dqg ylfh yhuvd> li +G, lv wuxh wkhq +I, pxvw eh idovh dqg ylfh
yhuvd1 Dv d frqvhtxhqfh/ hdfk ri wkh htxloleuld/ li uhdol}hg/ h{foxghv wkh rwkhu
wzr1 Qr pruh wkdq rqh htxloleulxp lv srvvleoh dw wkh vdph wlph/ ghshqglqj rq
wkh ydoxhv ri 4 dqg 51
Judsklfdoo|/ wkh ydoxhv ri 3v vxssruwlqj wkh glhuhqw htxloleuld fdq eh irxqg
e| wudqviruplqj wkh vl{ uhflsurfdo lqhtxdolwlhv lq wkuhh olqhdu htxdwlrqv/ dqg








^6‘ 4 @ 4 47445
^Ilj1 8 0 Htxloleulxp duhdv derxw khuh‘
Wkh olqh +4 @ 4 5, uhsuhvhqwv wkh frqvwudlqw wr wkh srvvleoh yduldwlrq ri
wkh wzr ydoxhv/ zklfk/ e| ghqlwlrq/ fdqqrw kdyh d vxp vxshulru wr 41 Wkxv/
orjlfdoo|/ doo sdluv ri ydoxhv ri 4 dqg 5 wkdw olh deryh erwk olqh ^4‘ dqg olqh ^5‘
vxssruw Ht141 Ht1 5 lv vxssruwhg e| doo sdluv ri ydoxhv ri 4 dqg 5 o|lqj ehorz
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olqh ^4‘ dqg deryh olqh ^6‘1 Ilqdoo|/ Ht1 6 lv vxssruwhg e| doo sdluv ri ydoxhv ri
4 dqg 5 o|lqj ehorz erwk olqh ^5‘ dqg olqh ^6‘1
Wkh wkuhh olqhv furvv dw D/ zklfk lv wkh srlqw dw zklfk J lv lqglhuhqw
ehwzhhq wkh wkuhh qrghv/ wkdw lv/ ehwzhhq uhsuhvvlqj dqg qrw uhsuhvvlqj144 Wkh
frruglqdwhv ri D duh wkh iroorzlqj=
4 z 3=49
5 * 3=99
+4 4  5, z 3=4;
Dq| ghsduwxuh ri 4 dqg 5 iurp wkhvh ydoxhv zloo sxvk wkh jdph wrzdugv
rqh ri wkuhh htxloleuld rxwolqhg deryh1
< Eleolrjudsklfdo Uhihuhqfhv
Dmqhqnlho/ Dqgu}hm1 Wkh hyroxwlrq ri wkh irupv ri jryhuqphqw lq Fhqwudo Hxursh
4<4;04<6<1 lq= ]duqrzvnl/ Mdqxv}/ hg1 Glfwdwruvklsv lq Hdvw0Fhqwudo Hxursh1
Zurfodz hw do1= Srovnlh Wrzdu}|vwzr Klvwru|f}qh +Srolvk Klvwrulfdo Vrflhw|,>
4<;6> ss1 5:0891
Dqghuoh/ Mrvhi1 Wkh Iluvw Uhsxeolf= 4<4;04<6;1 lq= Eulvfk/ Kdqv dqg
Yro|jhv/ Lydq/ HGV1 F}hfkrvorydnld= Wkh khulwdjh ri djhv sdvw1 Qhz \run=
Froxpeld Xqlyhuvlw| Suhvv> 4<:<> ss1 ;304451
Edfnhv/ Xzh dqg Mhvvh/ Hfnkdug1 Srolwlvfkhu H{wuhplvpxv lq ghu Exqghvuh0
sxeoln Ghxwvfkodqg1 Erqq= Exqghv}hqwudoh i u srolwlvfkh Elogxqj> 4<<91
Ehxyh0Pìu|/ P1 K1 Ohv qrxyhoohv whqgdqfhv gx gurlw sxeolf wfkhfkrvorydtxh1
Dqqdohv Gh O* Lqvwlwxw Gx Gurlw Frpsduì1 4<69> 5= <<04571
Elqpruh/ Nhq1 Ixq dqg jdphv1 Oh{lqjwrq +Pdvv1,= G1F1 Khdwk dqg Fr1>
4<<51
Ervo/ Nduo +hg1, Glh huvwh Wvfkhfkrvorzdnlvfkh Uhsxeoln dov pxowlqdwlrqdohu
Sduwhlhqvwddw1 P qfkhq dqg Zlhq= U1 Roghqerxuj Yhuodj> 4<:<1 +Edg Zlhvvhhu
Wdjxqjhq ghv Froohjlxp Fdurolqxp,1
Ervo/ Nduo +hg1, Dnwxhooh Iruvfkxqjvsureohph ghu huvwhq wvfkhfkrvorzdnlvfkhq
Uhsxeoln1 P qfkhq dqg Zlhq= Roghqerxuj> 4<9<1
Eudfkhu/ Nduo0Glhwulfk +4<99/ hg1 ru1 4<95,/ Wkh Whfkqltxh ri wkh Qdwlrqdo
Vrfldolvw Vhl}xuh ri Srzhu/ lq DD1 YY1/ Wkh Sdwk wr Glfwdwruvkls 4<4;04<661
Whq Hvvd|v e| Jhupdq Vfkroduv/ Grxeohgd|/ Jdughq Flw| +Q\,/ s1 44604651
Fdsrffld/ Jlrydqql +4<<<d,/ Dqwl0v|vwhp Sduwlhv= D Frqfhswxdo Uhdvvhvv0
phqw/ Ioruhqfh/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ xqsxeolvkhg pdqxvfulsw1
44J grhv qrw uhsuhvv lq wkh ohiw0kdqg qrgh/ grhv uhsuhvv lq wkh uljkw0kdqg qrgh/ dqg lv
lqglhuhqw lq wkh fhqwhu qrgh1 Wkhuhiruh/ vd|lqj wkdw lw lv lqglhuhqw ehwzhhq wkh wkuhh qrghv
lv wdqwdprxqw wr vd|lqj wkdw lw lv lqglhuhqw ehwzhhq uhsuhvvlqj dqg qrw uhsuhvvlqj1
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Fdsrffld/ Jlrydqql +4<<<e,/ Ehwzhhq Zhlpdu dqg Dojlhuv= Wkh Jhqhvlv
dqg Srolwlfdo Lpsruwdqfh ri Dqwl0H{wuhplvw Ohjlvodwlrq lq Gl!fxow Ghprfudflhv1
Wkh fdvh ri wkh Iluvw F}hfkrvorydn Uhsxeolf 4<534<6;/ Sdshu suhvhqwhg lq wkh
HFSU 5:wk Mrlqw Vhvvlrqv ri Zrunvkrsv/ Pdqqkhlp/ Jhupdq|/ 59wk064vw Pdufk
4<<<1
Fduvwhq/ I1 O1 Wkh ulvh ri Idvflvp1 Orqgrq= Phwkxhq dqg Fr1> 4<:91
Furpzhoo/ Ulfkdug V1 Uljkwlvw h{wuhplvp lq srvwzdu Jhupdq|1 Zhvwhuq
Srolwlfdo Txduwhuo|1 4<97 Mxq> 4:+5,=5;705<61
Iduqhwl/ Sdror1 Od fulvl ghood ghprfud}ld h o* dyyhqwr gho idvflvpr= 4<4<0
4<551 lq= Olq}/ Mxdq M1 dqg rwkhuv1 Od fdgxwd ghl uhjlpl ghprfudwlfl1 Erorjqd=
Lo Pxolqr> 4<;4> ss1 538057<1
Ihdurq/ Mdphv G1 Udwlrqdolvw h{sodqdwlrqv iru zdu1 Lqwhuqdwlrqdo Rujdql}d0
wlrq1 4<<8> 7<+6,=6:<07471
Jdool/ Jlrujlr1 L sduwlwl srolwlfl/ 4;9404<:61 Wrulqr= XWHW> 4<:7>+Vwruld
ghood vrflhwª lwdoldqd gdoo* xqlwª dg rjjl,1
Jleerqv/ Urehuw1 Jdph wkhru| iru dssolhg hfrqrplvwv1 Sulqfhwrq +QM,=
Sulqfhwrq Xqlyhuvlw| Suhvv> 4<<41
Jrugrq/ Gdq1 Olplwv rq h{wuhplvw srolwlfdo sduwlhv= D frpsdulvrq ri Lvudhol
mxulvsuxghqfh zlwk wkdw ri wkh Xqlwhg Vwdwhv dqg Zhvw Jhupdq|1 Kdvwlqjv
Lqwhuqdwlrqdo dqg Frpsdudwlyh Odz Uhylhz1 4<;:> 431
Kdsdod/ Plodq H1 Srolwlfdo sduwlhv lq F}hfkrvorzdnld/ 4<4;04<6;1 lq = Uhfk0
fljo/ P1 Mu1/ hg1 F}hfkrvorydnld1 Sdvw dqg suhvhqw1 Ghq Kddj 0 Sdulv= Prxwrq>
4<9;> ss1 45704731
Kdujuhdyhv Khds/ Vkdxq S1 dqg Ydurxidnlv/ \dqlv1 Jdph wkhru|= D fulwlfdo
lqwurgxfwlrq1 Orqgrq= Urxwohgjh> 4<<81
Kduwpdqq/ Sdxo1 Glh srolwlvfkh Sduwhl lq ghu wvfkhfkrvorzdnlvfkhq Uhsxeoln1
Hlqh mxulvwlvfkh Vwxglh1 Eu qq0Sudj0Ohls}lj0Zlhq> 4<64>+Sudjhu Uhfkwv0 xqg
Vwddwvzlvvhqvfkdiwolfkh Dekdqgoxqjhq> y1 5,1
Krhqvfk/ Møuj Nrqudg1 Jhvfklfkwh ghu Wvfkhfkrvorzdnlvfkhq Uhsxeoln=4<4;0
4<:81 5qg hg1 Ehuolq hw do1= Nrkokdpphu> 4<:;1
Mdvfknh/ Kdqv0Jhug/ Vwuhlweduh Ghprnudwlh xqg lqqhuh Vlfkkhukhlw1 Juxqg0
odjhq/ Sud{lv xqg Nulwln/ Rsodghq/ Zhvwghxwvfkhu Yhuodj/ 4<<41
Nuhsv/ Gdylg P1 Jdph wkhru| dqg hfrqrplf prghoolqj1 R{irug= Foduhqgrq
Suhvv> 4<<31
Odyhu/ Plfkdho M1 dqg Vkhsvoh/ Nhqqhwk D1 Pdnlqj dqg euhdnlqj jryhuq0
phqwv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv> 4<<91
Ohpehuj/ Kdqv1 Jhidkuhqprphqwh i u glh ghprnudwlvfkh Vwddwvirup ghu
huvwhq wvfkhfkrvorzdnlvfkhq Uhsxeoln1 lq= Yronpdqq/ K1 J1/ hg1 Glh Nulvh
ghv Sduodphqwdulvpxvq lq Rvwplwwhohxursd }zlvfkhq ehq ehlghq Zhownulhjhq1
Pduexuj2Odkq= M1 J1 Khughu Lqvwlwxw> 4<9:> ss1 43604541
Olq}/ Mxdq M1 Wkh euhdngrzq ri ghprfudwlf uhjlphv1 Fulvlv/ euhdngrzqv dqg
uhhtxloleudwlrq1 Edowlpruh dqg Orqgrq= Mrkq Krsnlqv Xqlyhuvlw| Suhvv> 4<:;1
Orhzhqvwhlq/ Nduo/ Ohjlvodwlyh frqwuro ri srolwlfdo h{wuhplvp lq Hxurshdq
ghprfudflhv LL1 Froxpeld Odz Uhylhz1 4<6; Pd|> 6;+8,=:580::71
Orhzhqvwhlq/ Nduo1 Ohjlvodwlyh frqwuro ri srolwlfdo h{wuhplvp lq Hxurshdq
ghprfudflhv L1 Froxpeld Odz Uhylhz1 4<6; Dsu> 6;+7,=8<409551
55
Pruurz/ Mdphv G1 Jdph wkhru| iru srolwlfdo vflhqwlvwv1 Sulqfhwrq +QM,=
Sulqfhwrq Xqlyhuvlw| Suhvv> 4<<71
R*Grqqhoo/ Jxloohupr/ Vfkplwwhu/ Sklolssh/ Zklwhkhdg/ Odzuhqfh +hgv, +4<;9,/
Wudqvlwlrqv iurp Dxwkrulwduldq Uxoh= Survshfwv iru Ghprfudf|/ Edowlpruh/ Mrkqv
Krsnlqv Xqlyhuvlw| Suhvv1
Sxo}hu/ Shwhu1 Jhupdq Srolwlfv 4<7804<<81 R{irug= R{irug XS> 4<<81
Udssdug/ Zlooldp H1/ hg1 Vrxufh errn rq Hxurshdq Jryhuqphqwv= Vzlw}hu0
odqg/ Iudqfh/ Lwdo|/ Jhupdq|/ wkh Vrylhw Xqlrq1 Qhz \run= G1 Ydq Qrvwudqg
Frpsdq| Lqf1> 4<6:1
Urxfhn/ Mrvhsk V1 Wkh F}hfkrvorydnldq sduw| v|vwhp1 Mrxuqdo ri Fhqwudo
Hxurshdq Ddluv1 4<74> 4=75;07781
Vduwrul/ Jlrydqql/ Hxurshdq Srolwlfdo Sduwlhv1 Wkh Fdvh ri Srodul}hg Sox0
udolvp/ lq OdSdorpedud/ Mrvhsk J1 dqg Zhlqhu/ P|urq +hgv1,1 Srolwlfdo sduwlhv
dqg srolwlfdo ghyhorsphqw1 Sulqfhwrq/ Sulqfhwrq XS/ 4<991
Vfkplwwhu/ Sklolssh/ dqg Vdqwlvr/ [dylhu +4<<;,/ Wkuhh Whpsrudo Glphqvlrqv
wr wkh Frqvrolgdwlrq ri Ghprfudf|/ Lqwhuqdwlrqdo Srolwlfdo Vflhqfh Uhylhz/ Yro1
4</ 4/ 9<0<51
Vshqfhu/ Khqu| U1 Hxurshdq glfwdwruvklsv1 Dphulfdq Srolwlfdo Vflhqfh Uh0
ylhz1 4<5: Dxj> 54+6,=86:08841
Vwøvv/ Ulfkdug/ hg1 Sduwhlhqkdqgexfk1 Glh Sduwhlhq ghu Exqghvuhsxeoln
Ghxwvfkodqg 4<7804<;31 Rsodghq= Zhvwghxwvfkhu Yhuodj> 4<;6>5 Yro1
Wdufkl/ Pdufr/ Od ulyrox}lrqh ohjdoh/ Erorjqd/ Lo Pxolqr/ 4<<71
Wvheholv/ Jhrujh1 Qhvwhg jdphv1 Udwlrqdo fkrlfh lq frpsdudwlyh srolwlfv1
Ehunhoh|= Xqlyhuvlw| ri Fdoliruqld Suhvv> 4<<31
Zhqgh/ Iudqn/ hg1 Oh{lnrq }xu Jhvfklfkwh ghu Sduwhlhq lq Hxursd1 Vwxwwjduw=
Nuøqhu > 4<;41
Zlvnhpdqq/ Hol}dehwk1 F}hfkv dqg Jhupdqv1 D vwxg| ri wkh vwuxjjoh lq
wkh klvwrulf surylqfhv ri Erkhpld dqg Prudyld1 5qg hg1 Orqgrq 0 Phoerxuqh 0
Wrurqwr dqg Qhz \run= Pdfploodq dqg Vw1Pduwlq*v Suhvv> 4<9:1
]lpphupdqq/ Hnnduw1 Fulvhv dqg fulvhv rxwfrphv= wrzdugv d qhz v|qwkhwlf
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Fig. 1: A two-player game with uncertainty about the result of the upcoming elections
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Fig. 2: A game between G and a “semi-loyal” B.
NOTE: Equilibrium outcomes are underlined
B’s payoff in this game are indicated as follows:
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